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Chapter 1

Introduction

The group GLy(R) acts on h* = P}(C) — P!(R), the union of the upper and
lower half planes, via fractional linear transformations. The classical modular curve
X} is given as the one-point compactification of the Riemann surface GLo(Z)\bh*.
X} is a genus-0 surface and so there exists an isomorphism X} — P!. The classical

choice of such a map has Fourier expansion

1 1
Jjir) = a + 744 4+ 196884q + - - - € (—IZ[[q]], (1.1)
where q = €2™7) at the cusp at oo. e j-function also provides an identification
h 2mi h The j-f | d dentifi

of points on the modular curve with isomorphism classes of elliptic curves. When 7
is an irrational quadratic imaginary point of h*, also known as a complex multipli-
cation (CM) point, the associated elliptic curve has an extra endomorphism called
a CM. When 7 is a CM-point, j(7) is called a singular modulus and is an algebraic
integer. In 1984, Gross and Zagier [6] gave an explicit formula to compute the norms
of singular moduli.

A Shimura curve is a generalization of the modular curve. Let B be the
indefinite quaternion algebra over Q with discriminant D = D(B) > 1 and let
[ = Npx(O) C B* be the normalizer of a maximal order O C B. Since there is

an algebra embedding B < Mz (RR), the discrete group I'* is embedded into GLy(R)



and hence acts on h*. The Shimura curve X7}, is then given as
Xy =T*\p*.

The classical modular curve arises as the special case by compactifying when D = 1,
B = M5(Q) and O = M3(Z). However, when B is an indefinite division algebra, A7,
is already a compact Riemann surface without cusps.

Points on a Shimura curve can also be identified with abelian varieties and
again there is the notion of CM points. In addition, each CM point is associated to
a quadratic imaginary field and is identified by the field discriminant of that field.
As before, the image of a CM point under a rational map X}, — P! is algebraic over
Q. However, since X}; has no cusps, such a map does not have a g-expansion and,
thus, example calculations are more difficult than in the classical case.

In [5], Elkies considered the cases of D = 6 and D = 10. First, by identifying
which quadratic imaginary fields have Galois group (Z/2Z)" for r < 2, he determined
which CM points have rational coordinates on Xj;. Then let [ be a prime with
B ®g Q; ~ Ms(Q;) and define I'*(I) in the classical way, i.e. I'"(l) = {y € T |
7 =1 mod [}. The curve X} (I) = I'*(1)\b™ is a covering of X};. Through explicit
calculation of the involution on X’};(1) for small primes [, Elkies was able to compute
the coordinates for about half of the rational CM points on Xy and X7},. For example,
let the coordinate map tg : X; — P! take the values of 0, 1, co at P_y, P_a4, P_3,
the CM points of discriminant —4, —24, —3, respectively. Then using the involution

on X§(13), Elkies shows that

74234
t6(P-312) = 56116



The involutions on X}() for higher [ are unknown and are needed to explicitly
find the coordinates of the remaining half of the CM points using this method.
Elkies does, however, provide a table of conjectural values for the remaining CM
points obtained via numerical approximations and their behavior under standard

transformations. For example, he conjectures

31174194234
tﬁ(P_m?’) - 21056116176' (1'2)

In this thesis, we use an alternate method that arises out of the theory of
Borcherds forms to calculate the norms of singular moduli on the Shimura curves
X and X7, and, as a special case, algebraically prove the conjectural values listed
in [5], including (1.2). Although the methods are only demonstrated here for D = 6
and D = 10, the techniques extend to a larger class of functions X}, — P! for
arbitrary indefinite discriminants D.

Let L be a lattice in a rational inner product space V' C B with signature (n, 2)
and let LY be its dual. Then a meromorphic modular form F valued in C[LY/L)]
can be given by its Fourier expansion

Fir)= Y Y elmae, (1.3)

nelY /L meQ

where e, is the basis element of C[L"/L] corresponding to n. When ¢,(m) € Z for
m < 0, co(0) = 0, and F has weight 1 — %, Borcherds constructs a form W(F) :
X}, — P! and gives its divisor in terms of the ¢, (m) for m < 0 and rational quadratic
divisors.

Recently, Schofer [11] provided an explicit formula in terms of the coefficients



of Eisenstein series for the norm
IT 1vee me (1.4)
2€Z(A)
where Z(A) is the set of CM points of discriminant A on X},. As a corollary, he
showed that since the j-function was in fact a Borcherds form, the Gross-Zagier
factorization of singular moduli was a specific case of this theorem.
In the cases of D = 6 and D = 10, the coordinate map tp : X;, — P! given in
[5] is defined by its divisor and normalized by its value at a chosen point. We show
how this divisor can be expressed in terms of rational quadratic divisors. We then
find an Fp as in (1.3) that satisfies div(¥(Fp)?) = div(tp). In the cases analyzed
here, the proper vector-valued Fp arises from a scalar-valued modular form that
is a linear combination of Dedekind-n products. Next we compute a normalization
constant, c¢p, by applying (1.4) to a base case. Since the divisors are equal and the

two functions agree on a chosen point,
\I/(FD)2 = CDtD.

Finally, (1.4) can be used to calculate the norm of any CM point on X7;. Specif-
ically, we can explicitly verify (1.2). Moreover, we can compute further examples,

far beyond the scope of [5]. For example, we find

216712714832

to(P_gos)| = o
1t6(P-990)| = 705470

(1.5)



Chapter 2
Shimura Curves

2.1 Quaternion Algebras

In this section, we review quaternion algebras and their properties. Quaternion

algebras have a long history of study, but we will mostly follow [1], [7], and [12].

Definition 2.1.1. A quaternion algebra B over a field KC is a central simple algebra

of dimension 4 over K.

A quaternion algebra B over K is either isomorphic to My (K) or is a skew field.
In the latter case, B is called a division K-algebra. Let R be the ring of integers of
KC and let K, denote the local completion of I at the place v. Then for each place
v, B, = B®x K, is a I,-algebra. If B, is a division algebra, then B is said to be
ramified at v. If B, is not a division algebra, then B, ~ My(K,). When £ = Q, B

is called definite (indefinite) if B ramifies (is not ramified) at the infinite place.

Definition 2.1.2. The (reduced) discriminant D = D(B) of a quaternion algebra

B is given as the product of all finite ramified places of B.

Notice that if B is isomorpic to Ma(K) then D = R. Although the definition of D is
as an ideal, when working with IC = Q, D is associated with the positive generator of
the principal ideal defined above. The following theorem provides a way to classify
isomorphism classes of quaternion algebras.

5



Theorem 2.1.1 (Theorem 1.8 of [1]). 1) A quaternion algebra is ramified at

a finite even number of places of K.

2) Given an even number of noncomplex places of IC, there exists a quaternion

algebra over IC ramified exactly at those places.

3) Two quaternion algebras are isomorphic if and only if they have the same

discriminant.

When K has characteristic different than 2, there exists a KC-basis for B,
{1, , 8,8}, satisfying a8 = —Ba and o? = a, > = b for some a,b € K*. In
this case, denote B = (“—b) Note that different values of a and b may produce

K

isomorphic quaternion algebras. For example,

wa=(ig)=(9)=(5)=(49) e

for a,b € Q*, a # 1.

Proposition 2.1.2 (Proposition 3.1 of [7]). Let B be an indefinite quaternion
algebra over Q with D = py ---po,.. Choose q to be a prime such that g =5 mod 8
and (L) = —1 for every p; > 2. Then B =~ (%).

a,b

There are many ways to embed B = (f) into a matrix algebra over an

extension of K. The one that will be primarily used in this thesis is

oy B — My(K(VD))



given by

D) = , (2.2)

Pe(0) = : (2.3)

There is a natural involution on x = x¢ + r1a + 223 + x3a0 given by
T =129 — 100 — To3 — x30:3.
This involution allows one to define the (reduced) trace and (reduced) norm as

tr(z) = z+7T = 2mx, (2.4)

n(r) = a7 = — ar: — brj + abas. (2.5)

Under the above embedding, these are just the usual matrix trace and determinant.

2.2 Maximal Orders

Definition 2.2.1. An R-order O in a quaternion algebra B over K is an R-ideal
that is a ring. FEquivalently, an R-order O is a ring whose elements have trace and
norm in R C O, and O ®r K = B. A maximal order is an order that can not be

properly contained in another order.

Example. The case H = (71@71) 18 the classical Hamiltonians and H contains
the order Z[1, o, B, af3]. However, this order is not mazimal. It is contained in the

mazximal order Z[1,a, B, (1 + o+ B+ af3)/2].



In general, B does not have a unique maximal order. In fact, if w € B* and
O is a maximal order, then wOw™! is also a maximal order. However, when B
is indefinite, the conjugacy class of maximal orders is unique. For example, when

B ~ M5 (K), every maximal order is conjugate to My(R).

Proposition 2.2.1 (Proposition 3.2 of [7]). For B as in Proposition 2.1.2 with

a? = q and 3? = D, every mazimal order is conjugate to

O =7+ Ze, + Zey + Zejes (2.6)
where
14+«
e = 9 s (27)
e = D2tob (2.8)
q
D = m? mod q. (2.9)

Without loss of generality, we will further assume that 2D | m.
When p is a ramified prime, there is a unique maximal order O, C B, and it

is given by

O, ={w € B | (ord, on)(w) > 0}. (2.10)
Hence its group of units is given by

O, ={w e B* | (ord, on)(w) = 0}. (2.11)

Moreover, one can choose a uniformizer m, € B, such that By = O; % W% with

(ord, on)(m,) = 1 and 7 = p.



Define the normalizer of an order as
Npx(0) = {w € B* |wOw™" C O}. (2.12)

Note that in the local case where O, is the unique maximal order, Nx(O,) = B

In general, the units of an order O are a subgroup of Npx (). They are related by

the following lemma, where d(B) denotes the number of ramified primes of B.

Lemma 2.2.2 ([12]). Npx(0)/(Q*0*) ~ (Z/27Z)%®).

2.3  Shimura Curves and CM Points

From now on let B = <%> with o? = ¢ and 3> = D as in Proposition 2.1.2.

Fix the embedding of B < Mjy(R) given by ¢p and the maximal order O as in

Proposition 2.2.1. Define the following subgroups of B*,
r = OF, (2.13)
Their images under ¢p are discrete subgroups of B* C GL3(R), and they act on

h* = P(C) — P(R) via fractional linear transformations. Define X and X* to be the

Shimura curves

X =Xp=T\p*, Xx*=a;=""\h% (2.15)

When B is an indefinite division algebra, X and X* are compact Riemann surfaces

with no cusps. Also, Lemma 2.2.2 implies that X is a covering space of X* of degree

2d(B)



Fix a quadratic imaginary field k such that if p | D then p does not split in
k. Then there are many embeddings ¢ : k <— B. However, all of the embeddings
are conjugate to each other [12], i.e. for any ¢y, 9, there exists wjp € B* such that

Ly = Ad(w12) Olq.

Definition 2.3.1. The image 1(k*) — B*/Q* C PGLy(R) has a unique fized point
on b*. A complex-multiplication (CM) point of X (resp., X*) is the T'-orbit (I'*-
orbit) of such a point. It is said to have discriminant equal to the field discriminant

of k.

Since all embeddings are conjugate, a CM point is independent of the embed-
ding. In the classical case of B = My(Q), the CM points are irrational imaginary

solutions to integral quadratic equations with the corresponding discriminant.

2.4 Involutions on X7 (1)

In this section, we summarize the method used in [5] to calculate the coordi-
nates of rational CM points on X*. The first proposition gives a way of determining
which CM points should have rational coordinates. Let Pa be the CM point with
discriminant A < 0 and let R C k be the maximal order in the quadratic imaginary

field of discriminant A.

Proposition 2.4.1 ([5]). Pa is a rational point on X}, if and only if the class group

of k is generated by ideals I C R such that I* = (p) for some p | D.

This implies that for a rational CM point, the class group of k is isomorphic
to (Z/27)" where r < d(B). In the case of d(B) = 2, all such fields are known, and

10



thus the rational CM points can be identified. (See Table 8.1 for D = 6 and Table
8.3 for D = 10.)

Now let [ be a prime not dividing D, so that B ®g Q; >~ M5(Q;). Define
() ={yel™|y=+1 modl}

and the congruence subgroup I'§(1) in the same fashion as its classical counterpart.

Then the curves

Xp() =T*(D\b*, &P () =T5(D)\b* (2.16)

are coverings of X}, whose points are also associated to abelian varieties. From the
geometric structure, Xp (1) inherits an involution w; : X} () — &p (1) which
preserves the set of rational CM points.

In the case of D = 6, the image of I'* <— PGLy(R) is generated by three
elements and is called a triangle group. Any coordinate map tg : X7 — P! is only
defined up to a PGLy(R) action, so such a map is only well-defined once its values
at three points have been given. Since there are three distinguished elements of [,
let the coordinate map take the values of 0, 1, oo at P_y4, P_a4, P_3, the CM points
associated to the three generators.

The covering curves Xg’o(l), for [ = 5,7,13 have genus 0 and w; can be ex-
pressed explicitly as a rational function. Then by examining the fixed points of w;
and the w;-orbits of 0, 1, and oo, Elkies was able to compute the coordinates of the
CM points with discriminants —3 - 5%, —4 - 52, —3- 7%, —43, —8-11, and —cl where

c|24.

11



In order to compute the remaining ten rational CM points using this method,
involutions on X (I) for higher [ are needed. However, these curves have genus
greater than 0 and explicit expressions for w; are unknown. Instead, Elkies used
numerical techniques to calculate the coordinates to an arbitrary precision. He then
recognized them as fractional values through continued fractions and their behavior
under standard transformations. For example, one expects that the factorizations

of both t5(Pa) and ts(Pa) — 1 should only contain small primes to large powers.

12



Chapter 3

Quadratic Spaces and Lattices

For a given indefinite quaternion algebra B, define the QQ-vector space

V ={x € B|tr(x) =0}. (3.1)

There is a natural quadratic form on V given by Q(z) = n(x) = —z2. The associated
inner product is

(,y) = Qlz+y)-Qr) - Qy) (3:2)

= tr(ay) (3.3)

and has signature (1, 2).

3.1 The Lattice ONV

Define the lattice L = O NV. Let LY be the dual of L given by
LY={zeV|(x,y) €ZYye L}

Consider L) /L, where L, = L ®z Z,.
For p t D and p odd, there is an isomorphism B, ~ M(Q,) such that O, ~
My(Z,). Then L, is the set of trace zero elements of My(Z,) and L /L, is trivial.

Thus

LY/L~ ] L)/Ly (3.4)

pl2D

13



Now consider p | D and p odd. Let Z,2 be the ring of integers in the unramified

quadratic extension of @, with Galois automorphism ¢. Then O, can be written as

Op = ZLp> + Ly, (3.5)
where 7Tz27 = p and m,a = a?m, for o € Z,2. Further, Z,> can be written as
Ly =1,+1L,0, ©&¢L:, & €L (3.6)
Then L, is given as
L, =7, + Z,m, + Z,07). (3.7)
Let x = 210 + xom, + x30m, and y = 10 + Yo7, + y30m,. Then
(z,y) = 20°x1y1 + 2pways — 2p8°asys, (3.8)
giving
L) = 7p6 + p~ ' Ly, (3.9)
Since Zy2 /pZ,> ~ 2, there is an isomorphism
Fp = LY/L,, 0+ vm,' + Ly, (3.10)
Under this isomorphism, the quadratic form ) induces the function
Q(?) = v’p~! mod Z,, (3.11)
which is equivalent to the norm map n: F — F, via F, = p~'Z,/Z,.
The case of p = 2 is very similar. Again Oy = Z4 + Zyms. But now write
Zy = Ly + Zsb with 6 = 1(1+ /5). Then Ly = Zy\/5 + Zymy and LY = LL,. This

14



time the isomorphism is
Fo®Fy S LY /Ly, (9,0) = w¥B + vyt + Ly, (3.12)
and @ induces the function
o 1
Q(w,v) = —-w* — 511(11) mod Zs. (3.13)
This surjects onto iZ /Z, given by whether or not each of the components is nonzero.
Proposition 3.1.1. Let Dqy be the odd part of D. Then
|LY/L| = 8(Dy)*. (3.14)

Proposition 3.1.2. Let B act on L /L, via conjugation. Then the B orbits of

L) /Ly, for odd p| D (resp., p=2) are indeved by elements of F), ( Fy).
Proof. For odd p, write B as
B = (O U0 m,)p". (3.15)
First, the powers of p are central and hence act trivially. Then by (3.7) and (3.9)
LY/L, 5 0,/m,0, (3.16)

Thus the elements of O, act through their image under the reduction map O, — F .
More explicitly, v € ]F;2 acts via left multiplication by v/v?. However, this is just
the action of IF}?Q = ker(n : F, — F). Lastly, m, acts by o, and so there is a

surjection

Bf »Fox<o>. (3.17)

P

15



Hence the orbits of B are indexed by the elements of F,,.
For p = 2, the action of B; preserves the first component of (3.12) and acts
on the second component the same way it did in the odd p case. So again the orbits

are indexed by the four values of Q). m

3.2 The Order of the Orbits of I'*

Define the set

V({t) = {z € V|Q(z) = t} (3.18)

and L(t) = LN V(t). The discrete groups I' and I'* both act on L by conjugation,
and the number of I"*-orbits in L(¢) will play an important role in Sections 7.1 and
7.2.

Let 0 > A € Z be the field discriminant of k = Q(v/—t), and set —4t = n?A.
Then the order Z[/—t] has discriminant —4¢. Hence, its conductor is n, and if any
other order R in k contains Z[v/—t], then the conductor of R divides n.

Set

E= Hom@_alg(k:, B) (319)

Assume that for every prime p | D, p is nonsplit in k so that £ is nontrivial. For
every x € L(t), define ¢, € € by ,(v/—t) = . Notice that for x € L(t) and a € Q*,
ax € V(a*t) and thus iy, is defined by 1o, (v/—t) = az = at,(v/—t). Hence t4p = at,.

For 1t € £, "1 (O N(k)) is an order in k. Let cond(:) denote the conductor of

16



this order and define
E(c)={1€&|cond(r) = c}. (3.20)
For x € L, define cond(x) = cond(¢,) and let
L(t,c) ={z € L(t) | cond(z) = c}. (3.21)
Note that L(t,c¢) = @ when ged(c, D) # 1.

Proposition 3.2.1. For —4t = n?A as above,

L(t) = [ L(t. o). (3.22)

c|n
Proof. Let x € L(t). Then 1;'(O N,(k)) is an order containing Z[y/—t|. Hence its

conductor cond(x) must divide n. O

Proposition 3.2.2. For any fixed t and c, there is a bijection

Lt,c) 5 &), @ 1y (3.23)

Proof. Injectivity follows from evaluating ¢, at /—t. To prove surjectivity, suppose
v € E(c). Then «(v/—t) = x € B. Thus Q(z) = —2*> =t, so x € V(t) and ¢ = .
By definition, cond(x) = cond(:) = ¢. Further, since ¢ | n, v—t € Z[\/—t] C

7O N (k). Then 1(/—t) =z € O, s0 x € L(t). O
Proposition 3.2.3. For € &, 1(v/—t) € O if and only if cond(r) | n.

Proof. 1(v/—t) € O if and only if «(Z[\/—t]) C O. This is if and only if .71 (O Nw(k))

contains Z[v/—t|. Thus cond(¢) | n. O

17



Proposition 3.2.4. I'* acts on L(t,c) via conjugation.

Proof. Let x € L(t,c) and v € I'*. Then

Qyxy™) = —(yay™')?

So yzy~! € L(t). Now consider y € ;'(O N ,(k)). Then t,(y) € O N (k). So

1. Since v, (y)y ! = tyay-1(y) and I'* = Ny« (0),

Yea(y)y™ € YO N yep(R)y™
then ¢, -1(y) € ONtyyy-1(k). Hence y € L;;,l((?ﬂ%ma(k)) and (71 (O N, (k) C
L';ﬁl'y_l((/) N tyzy-1(k)). A similar argument gives the opposite inclusion and thus

cond(z) = cond(t,) = cond(typy-1) = cond(yzy1). -
This action is compatible with the action on £(c), therefore
P\L(E ¢) 5 T\E(e). 520

To determine the set of [-orbits in L(t,c), we examine the right-hand side
of (3.24). Let R be the ring of integers of an imaginary quadratic field k. Fix an
embedding ¢ : k — B with cond(t9) = 1, i.e. 1o(R) C O. Since all embeddings of k

into B are conjugate, there is a bijection
B /K S €,
w — Ad(w) o 1.

18



Then
[\ B*/k* = T*\E&, (3.25)
where the action of I'* on B*/k* is left multiplication. Define
B*(c¢) ={w € B* | cond(Ad(w) o 1p) = ¢} (3.26)
so that

D9\ B*(¢) /K 2 TH\E(c). (3.27)

Let Ord = Ord(B) be the set of all maximal orders of B. For any O € Ord,
define the conductor of O to be the conductor of ¢y (O N y(k)). Define for w € B,

O, =w 'Ow € Ord.
Lemma 3.2.5. The conductor of O, is cond(w).
Proof. Consider the string of equalities:
151 (0,) = 15 (wOw) = (Ad(w) o 15)H(O).

The order on the far left is the order that defines the conductor of O and the order
on the far right defines the conductor of w. Since the orders are the same, the

conductors are equal. O
There is an action of By = (B ®g Ay)* on Ord via
€.0,=¢'06NB (3.28)
where O = O ®z 7. In fact, B A@ acts transitively on Ord, and thus
Ng; (O\B;, = Ord,
¢ — ¢'0¢nB.
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Furthermore, the double cosets
Ny (OB, /B" (3.29)

correspond to the B*-conjugacy classes of the maximal orders in B.
Since B is an indefinite quaternion algebra, all maximal orders of B are con-

jugate. Thus

Let Ord(c) C Ord be the subset of orders with conductor ¢. Then, with notations

as before,
Npx (O)\B*(c) = Ord(c). (3.31)
Lemma 3.2.6. IfO. € Ord(c) and € € ki = (k®qAy)*, then ¢10.£NB € Ord(c).

Proof. Since O, € Ord(c), then 15! (O, N 1y(k)) has conductor c¢. Consider O =
5’1(’/)\65 Ni(k) = {fl(@\c NE&p(k)E1)E. Then, since € € k:gf it commutes with ¢o(k).
So O¢ = 5_1((/’)\c N to(k))E. Now the conductor of £-10.£ N B is given by
W (ETOLN BN (k) = (Ad(€) o) (0. N BN (k)
= (Ad(€) 0 1) (O N 1o(K))

= 150N (k).
Hence the action of kgf preserves Ord(c). O

Theorem 3.2.7 (Chevalley-Hasse-Noether). The group k:gf acts transitively on

Ord(c) for any c.
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Corollary 3.2.8.
[\ L(t,c) < B (Oc) Nk Ky, /K" (3.32)
Proof. From the theorem, for a given O, € Ord(c) there is a bijection

Ngx (O.)N kgf\kgf = Ord(c) (3.33)

Ay
given by the orbit of O.. Then the composition of the bijections in (3.24), (3.27),

and (3.31) yield the result. O
Let 6o(A, D) be the number of primes ramified in both B and k and define

do(A, D) — 1 if all ramified primes of k are ramified in B
(A, D) = . (3.34)
do(A, D) otherwise

Theorem 3.2.9. Let R, € k be the order of conductor c, then
—~x
[Re \Fj, /K" NBgf(OC) Nk \ky, /K] = 93(A,D)
Proof. For a prime p{ D,

Nz (O.) = OF,Q,

P

thus
NBPX (O,) N k; = Rép(@;. (3.35)

For primes p | D, Npx(Oc) = B). When p is inert in k, (3.35) still holds.

However, when p in ramified in k,

Npx(Oc) Nk, = Ry, Q) U R Q) m,

P
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where 72 = p.

Altogether, then, there is a surjection
~X
R. \I»cgf/k;X —» NBgf (O.)N kgf\kgf/kx (3.36)

given by modding out by the subgroup generated by the elements (1,...,1,m,,1,...)

for p ramified in both B and k. The size of this subgroup is 2°(*P). n

Corollary 3.2.10. Let h(c*A) be the ideal class number of the order of conductor
c in the quadratic field of discriminant A and —4t = n?A as before. Then
TA\L()| = 2732 3" h(PA). (3.37)

c|n
(D,c)=1

Proof. This follows from recognizing fz\f\kgf/ k* as the desired ideal class group.

]
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Chapter 4
Borcherds Forms

4.1 The Space of Negative Planes of V/

Recall that V' = {z € B | tr(z) = 0} has signature (1,2). Let © be the space
of oriented negative 2-planes in V. Call [z, 22] € © a proper basis if (z1,21) =

(22,22) = —1 and (21, 29) = 0. D can be viewed in many other ways. Define
Q={veV(C)]| (v,v)=0,(v,0) <0}/C*. (4.1)

This is an open subset of a quadric in P(V(C)). Also define V, (R) to be the set
of vectors in V(R) with positive norm. Recall that B = (%) with a? = ¢ and
% = D and that there is a fixed embedding ¢p : B — My(R). Let V have the

canonical basis {«a, 3, a}.

Proposition 4.1.1. There is a diagram of bijections as follows.

bt -2 Vi(R)/Rso
w ] Lp (4.2)
Qo < D(R)

where the maps are given by

Slu+iv) = — <\/E(q—u2 _U2)> o+ ub + (M) aB, (4.3)

2q

o - (G () (e o
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o([z1,20]) = 21 — iz, (4.5)

plr) = a (4.6)

Proof. It will suffice to show that (6 0po¢)(u+iv) = w(u+iv). This first involves

finding the plane perpendicular to ¢(u + iv). This plane is given, in a proper basis,

by
a = —<9>a+( )B+< ) (4.7)
q VD ¢v'D
= () (W) (s )
Then one can see that z; —ize = w(u + iv) after scaling by iv € C*. O

4.2 Rational Quadratic Divisors

The previous section shows that h* ~ D(R). Write ® = DT U D~ where DT

(resp., ©~) are the planes with positive (negative) orientation. For z € V(Q) define
D, ={z € b* [ (z,w(z)) = 0}. (4.9)

By (4.4), for x = 1 + x93 + x50,

(2, w(z)) = (ml i ;33\/_> 2 (a,V/D)e — W02 73VD) (4.10)

2

Hence

B 22V D £ /—Q(x)
D, = { p——— } : (4.11)

Let ®F =D, ND*.
Recall that PGLy(R) acts on h* via fractional linear transformations, and a
B* action can be defined via the embedding ¢p : B — Mj(R).
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Proposition 4.2.1. For z € V with Q(z) > 0, D, is the set of fixed points of x.

Proof. Let x = 1 + 2908 + x303. Then
Iz\/ﬁ Q(iUl - $3\/E)

T+ $3\/5 —!EQ\/E

A fixed point, z, of this matrix satisfies
ZLL’Q\/E + q<l’1 — .733\/5) = 22(1’1 + $3\/5) — 21’2\/5. (413)
This is equivalent to (4.10). O

Definition 4.2.1. Let G = T or T'* and let Gn denote the G-orbit of n € LY /L.

The rational quadratic divisor Z(d,n; G) is given by

Z(dnG) =Y pre(D)), (4.14)

zeLVNV(d)
z+LeGn
mod G

where prg : T — G\DT.

For more details on this definition in the case of G =T, see the Appendix of [9].

4.3 Borcherds Forms

Let H = GSpin(V). Viewed as an algebraic group, H(A) ~ (B ®q .A)* for
any Q-algebra A. Let K C H(A;) be a compact open set such that H(A) =

H(Q)H(R)"K where H(R)* is the component of H(R) that contains the identity.

Definition 4.3.1. A modular form of weight k € Z on® x H(Ay)/K is a function

U:9 x HAf)/K — C such that

U(yz,vh) = j(v,2)"¥(z, h)
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for all v € H(Q), where j(v, z) is the automorphy factor given on page 11 of [8].

Note that in the cases we will focus on, £ = 0 and the automorphy factor will be
inconsequential.
Let L be a lattice and F' be a modular form valued in C[LY/L] with Fourier

expansion given by

F(r) = Z ch(m)qmen (4.15)

neLlY /L meQ

where {e, },ecrv/r form the basis of C[LY/L]. Since I' and I'* act on L"/L, they also

act via linearity on the algebra C[LY/L] and F'.

Definition 4.3.2. For a lattice L with signature (n,2), a Borcherds form V(F) is
a meromorphic modular form on ® x H(Ay)/K arising from the regularized theta

lift of a weight 1 — % meromorphic modular form F' as in (4.15) with c,(m) € Z for

m < 0. See [11], [8], [2].
Borcherds forms have the following key properties.

Theorem 4.3.1 (Theorem 1.3 of [8]). Assume F' is given as in (4.15) and is I'™*

muvariant.

1) The weight of V(F') is cy(0).

2) div(W(F)?) = 3> > cy(=m)Z(m,n;I7).

neLY /L m>0
4.4 Adelic View

We can rephrase some of the definitions from Section 2.3 from an adelic point of
view. This will allow the machinary of Borcherds forms to apply to the computation
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of singular moduli on Xp and X7,.

Let Kt be the compact open set 0% C H(Ay). Then
I'=H(Q) NHMR)"Kr. (4.16)
Let Kp+ be defined analagously. Then Xp and &7, are given by

Xp =~ T\D ~ HQ\(D x H(Ap)/Kr), (4.17)

XL ~T"\D ~ HQ)\(D x H(Af)/Kr-). (4.18)

Notice that Xp and &7, are natural domains for weight-0 Borcherds forms.

The CM points can be viewed adelically as well. An element z € V, (Q)
gives rise to the decomposition of V as V = Qz ® U where U = z* is a negative
plane. This splitting corresponds to a two-point set ®,. As a rational inner product
space, U ~ k for some quadratic imaginary field k with quadratic form given by a
constant times the norm on k. Set 7"~ GSpin(U). Then, with ¢, as in Section 3.2,

T(Q) ~ 1,(k*) C H(Q) and the CM points are the image of
Z0-(U) = TQ\ (D4 x T(Ag)/Kre) — X, (4.19)
In addition, there is an identification
Zp«(U) < T*\L(t, ¢) (4.20)
where k ~ Q(y/—t) as in Section 3.2. Thus

Zr<(U)| = 5505y (4.21)
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4.5 Borcherds Forms at CM Points

Let Recall that L = O NV is a lattice in V' corresponding to a fixed maximal

order @. Then there are sublattices

L. = QznlI, (4.22)

L. = UnNL. (4.23)
In general, L # L_ + L, and
L +L,CLCLYCLY+LY.

Hence an element n € LY decomposes as n = n_ + n, for ne € LY.
Since U =~ k there is an associated quadratic character ya given by the Leg-

endre symbol, xa(n) = (£), where A is the discriminant of k.

Definition 4.5.1 ([11]). Forp € LY /L_ and 1, = char(p+L_), let E(T, s;,,+1)

be the incoherent Fisenstein series of weight 1 with Fourier expansion
E(1, 839, +1) = ZAu(s,m, v)q™ (4.24)
where the Fourier coefficients have Laurent expansions
Au(s,m,v) = bu(m,v)s + O(s?) (4.25)

at s =0. Then forn € LY/L and m € Q define,

Ky(m) = Z Z Ky 1 (m—Q(2)) (4.26)

MNeL/(Ly+L_)zent+Ap+Ly
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where

(

lim, o0 by (m/,v) if m' >0

R (m') = ko(0)2,(0) ifm =0 (4.27)
0 ifm’ <0
A'(1+ xa)

ko(0) = log(]A]) +2 (4.28)

A(L XA> ’

and A(s, xa) is the normalized L-series 7= "= T (55) L(s, xa)-

Theorem 4.5.1 (Corollary 3.4 of [11]). Assume c,(m) € Z form < 0, ¢o(0) =0,
and that the 0-cycle Zp-(U) defined in (4.19) does not meet the divisor of V(F).

Then

—|ZF*1(U>’ S 1og 19 A)IP = s S0 S eqlmny(m) (429

2€Zpx (U) n m>0

where h(k) is the ideal class number of the quadratic field k ~ U.

This important theorem will be used to compute the norms of singular moduli
in Chapter 7. However, first a supply of appropriate vector-valued modular forms

F are needed to serve as the input to the Borcherds construction of W(F).
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Chapter 5

Input Forms
This chapter is presented in general terms. However, rather than appearing
redundant, the notation implies how the general theory applies to the set-up in

Chapters 2 through 4.

5.1 SLy(Z) and the Weil Representation

The Lie group SLy(R) has a double cover SLy(R) with elements of the form

a b
,EVer +d

c d

The group structure is given by

(G1,710))(Ga, j2(+)) = (G1G2, j1(Ga(+))ja("))-

The group @(Z) is defined as the inverse image in S—E;(R) of SLy(Z) and is gener-

ated by the two elements

e}
|
—_

—
(@]
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which satisfy
7 =5=(ST)* = . (5.3)

The element Z generates the center of SLy(Z) and the quotient by Z2 is SLy(Z).

Also, SLy(Z) acts on b* via its image in SLy(Z). Throughout the following, let
y=nF = +Ver +d | € SLy(Z). (5.4)

Let L be a lattice with quadratic form @’ and let LY be the dual lattice under
the associated inner product as in (3.2). To ease notation, let A, = LY/L. Then

Milgram’s formula gives sign(L), the signature mod 8 of L, via

> el@m) = VIALle(sign(L)/8) (5.5)

neAL

where e(z) = e*™*. For n € Ay, let e, denote the corresponding basis element in
the group ring C[Az]. In [2], Borcherds defines the Weil representation p,, on the

generators of éi-;(Z) by

P, (Tey = e(Q'(n))en, (5.6)

e(=sign(L)/8) S~ L (1 5))en. 5.7
= Z (—(n,6))es (5.7)

However, we will use the dual representation py, = py, since the quadratic form in

Pa, (S)ey

Chapters 2 through 4 is actually given by Q(z) = —Q'(x). On the generators py,

is given by
pa(T)e;, = e(=Q(n))ey, (5.8)
pac(S)en = Cr Y e(=(1.8))es (5.9)
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where

 e(sign(L)/8)  nea,
Cp = T Ll : (5.10)

(This approach follows [11] and [8]. However most of the results in this section are
the dualized versions of those found in [3].) Define the level of A to be the smallest
integer N such that NQ(n) € Z for all n € LY. Then the representation py, factors
through @;(Z/NZ), the double cover of SLy(Z/NZ).

The Kronecker symbol (§) for coprime ¢ and d is multiplicative in both integral

entries and is an extension of the Legendre symbol with

(

(_%> ) te<o | 1)

1 c>0

0 c even

(E) = 1 c¢c=%41 mod8 (5.12)

-1 ¢=43 modS8
\

(2)-(3) -

Define the congruence subgroup I'g(N) C SLy(Z) as the preimage of the upper

—_—

triangular matrices in SLy(Z/NZ) and ﬁ;(N) as its inverse image in SLy(Z).

Definition 5.1.1 ([3]). For v € To(N) define
Xn(7) = (—) , (5.14)

xo(7") = , (5.15)



—sign(L)+( L) -1
Y (1) X|AL23i9n(L)) (v) 4IN

XL(V) = (
Xjaz(7) 4¢ N

Theorem 5.1.1. Suppose A has level N. If b and ¢ are divisible by N then ~ €

(5.16)

:S?L/Q(Z) acts on C[Ar] by
PAL (’7)677 = XL(’Y)ean'

Proof. This is essentially the same theorem as Theorem 5.4 of [3]. However, since

we are using the dual representation,
Z(ey) = (—i)~senlle, (5.17)
which gives x ., as defined in (5.16). O
Corollary 5.1.2. Suppose A has level N and that n € Ay has norm 0. Then
v E fg(N) acts on the element e, by
paz(v)en = X1(Y)ean:

Proof. Any element v € fg(N ) can be written as
a v
ry=T" ,EVer +d
c d

where N divides ¢ and &'. Then x; is trivial on 7. Since ¢’ = a mod N and the

order of n divides N, a'n = an. ]

5.2 The Cusps of T'g(V)

In this section we examine the coset representatives of

To(N)\SLs(Z) =~ To(N)\SLs(Z)
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through the relationship between coset representatives of I'g(N)\SL2(Z) and the

cusps of ['g(V).

Proposition 5.2.1. Given a complete set {a;/c;}1_, of inequivalent cusps for To(N),
choose integers b;, d; such that a;d; — bjc; = 1. Then a complete set of coset repre-

sentatives for T'o(N)\SLy(Z) is given by

a; aln—l—bl
0<n<N/ged(N,c}),0<i<Ty. (5.18)

¢ cn—+ dz
Proof. Since both sets are left invariant under I'o(/V) there is no need to show well-

definition; it suffices to show that the set of coset representatives is complete. A

a b
coset representative satisfies ged(¢/,d’) = 1 and two such representatives

d d

are equivalent if and only if ¢|d, = ¢,d| mod N. Thus

a; a;n -+ bz a; am' + bz
~ & n=n'mod N/ged(N,c?).  (5.19)
c  cn+ dz C; cm' + dl
Hence (5.18) is a complete set of coset representatives. [l

Lemma 5.2.2 (Lemma 2.2.3 of [4]). Fori € {1,2}, let o; = p;/q; be two cusps

written in lowest terms. The following are equivalent.

1) ag = y(av) for some v € T'y(N).

2) ¢ =uqy mod N and upy = p; mod ged(qr, N) with ged(u, N) = 1.

3) $1q2 = soq1 mod ged(qiqa, N) where s; satisfies pjs; =1 mod g;.

Theorem 5.2.3. Every cusp of 'g(N) is equivalent to a cusp of the form 1/c for
some ¢ € 7.
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Proof. Suppose p/q is a cusp of I'o(N) in lowest terms. It suffices to find u € Z
such that © = p mod ged(q, N) and ged(u, N) = 1, because then, by the second
part of Lemma 5.2.2, p/q ~ —1/uq. Finding such a wu is equivalent to finding a
k € Z such that ged(p + kged(q, N), N) = 1. Let [ be a prime dividing N. If
[ | ged(q, N), then [  p since ged(p,q) = 1. Thus [ 1 p + kged(q, N) for every
k € Z. Now suppose [ 1 ged(q, N). Let k; be given by k = 1 — m mod .
Then, by Chinese Remainder Theorem, there exists k € Z with £k = k; mod [ for
every | | N, 1t ged(qg, N). Then this k satisfies ged(p + kged(q, N), N) = 1 and

p/q ~1/(pq + kqged(q, N)). O

Corollary 5.2.4. The coset representatives of T'o(N)\SLy(Z) can all be chosen of

the form

y(m,n) = SITTSTITT™ = (5.20)

= (5.21)

with 0 < m < N/ged(N,n?).

5.3  Vector-Valued Modular Forms

Define the slash operator of weight k for an element v € gi/g(Z) by
flye(r) = (£Ver +d)* f(y7).

The slash operator satisfies

f|](€71“/2) - <f|1§/1) 52‘
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Definition 5.3.1. Suppose p is a representation of I' C EE(Z) on a finite dimen-
sional complex vector space V. Then F : b+ — V is a vector-valued modular form

on ' of weight k € %Z and type p if it is meromorphic and satsifies
F(v*1) = (£Ver + d)* p(v5) F (1) (5.22)
for all v €T.

Definition 5.3.2. Suppose f is a scalar-valued weight k modular form on f;(N)
with character xr. Then define a weight k modular form F¢(7) valued in C[L" /L]
via
)= > fhmea (e (5.23)
YETo(N)\SL2(2)

Proposition 5.3.1. F¢(7) is well-defined.

Proof. Suppose oy for some vy € ﬁ(N ) was chosen instead of the coset represen-

tative 7. Then the summand in (5.23) becomes

Fl(Mea((oy) Neo = x(30) 15 (T)oa, (Y ) pa, (6 e
= X2 fIE(T)pa, (v )xz(0) e

= fI5(m)pa, (v Deo.
Thus Fy(7) is independent of the choice of coset representatives. O]

Proposition 5.3.2. F¢(7) is a modular form of type ps, and weight k on %(Z)
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a b _
Proof. As usual, let v = ,E£Ver +d | € SLy(Z). Then

¢ d
Zfl T)pa, (7 )eo (5.24)
Zfl 5, () (e (5.25)
I o SO0 6520
= (EVer +d)*pa, (07 )Ff(T)- (5.27)

Hence (5.22) is satisfied. O

Proposition 5.3.3. Let Fy have Fourier expansion as in (4.15). If m+ Q(n) ¢ Z,

then c,(m) = 0.

Proof. Since F is a modular form,

Fy(r+1) = pa,(T)Fy(7) (5.28)

; Z;@cn(m)qme(m)en = ; %cn a"pa, (T)e, (5.29)

o = ngn%%(m)qme(—Q(ﬁ))% (5.30)

Thus m + Q(n) & Z implies ¢, (m) = 0. O

Proposition 5.3.4. If f has no poles at finite cusps, then, for Fy as in (4.15),

cy(m) =0 form <0 andn # 0.

Proof. If f does not have a pole at a finite cusp, then the coordinate function f |,’j
in (5.23) can have a pole only when 7(co) = co. However, this is satisfied only by
the coset representatives (0, m). Since 0 < m < N/ged(N,0) =1, f\’fy can have a
pole only if ~y is the trivial coset representative, which has pa, (77 )eg = eg. O
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Now define Ay, to be the set of n-torsion points and define A} via the exact

sequence

0—=Ar, = A, — A7 =0,

and

A ={0€AL| (6,7)=-nQn) ¥neAy, -

Lemma 5.3.5. For a fived n, either A" = @ or the membership of 0 into A}* is

completely determined by Q(0).

Proof. 1t suffices to examine the criteria locally at the primes that divide the level
N. Recall from Section 3.1 that for an odd prime p, Ay, ~ Fy2 and @ : Ay, —
(1/p)Z)Z. If p | n, then (Ap,), = AL, and (Az,)" = {0}. Since nQ(0) =0 = (0,9)
for all 6 € (AL p)n, then (Ap,)™ = {0}. If p{n, then (Ap,), = {0} and (AL,)" =
Ap,. Since nQ(0) = 0 = (6,0) for all 6 € (Ap,)" = ALy, then (Ap,)™ = AL, So

for odd p | N,

. {5 ‘ Q(é) S (1/p)Zp/Zp} an
(App)™ = . (5.31)
{0} pln
Now consider p = 2 where Ap s ~Fy @& Fy and Q : Ao — (1/4)Z/Z. Suppose
24 n. Then (ALs), = {0}, and (AL2)" = ALs. Since nQ(0) = 0 = (4,0) for all
d € (Ap2)" = Apo, then (AL o)™ = Apo. Now suppose 2 | n. Then (Aps), = Apo,

and (Az2)" = {0}. However, nQ(d) =0 = (0,9) for all 6 € (Ar,) only when 4 | n.
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Thus
{61Q0) € (1/4)Zz/Zo} 21n
(A2)™ =9 @ 2 n -

{0} 4|n

\

Combining (5.31) and (5.32) into one global statement yields

(Glo@e (=52)2/z} 2hn

%) 2 n

nk __
AL_

Thus the membership of an element is determined by its image under Q).

Lemma 5.3.6 (Lemma 3.1 of [3]). The sum

Su(0) =Y e(—(n,6) —nQ(n))

neAL

is equal to 0 when 6 ¢ AT* and has magnitude \/|AL||ALn| otherwise.

Proof. Computing the square of the absolute value of the sum gives

1S.(0)]* = Z e(—(m,9) — nQ(m) + (n2,9) + nQ(n2))

m,m2€AL

= Z e((n1,0) +nQ(m) + n(ni,n2))

m,m2€AL

= ALl Y el(m,0) +nQ(m)).

MEAL

(5.32)

(5.33)

(5.34)
(5.35)

(5.36)

Then, since a character integrated against the group is trivial (resp., the size of the

group) if the character is nontrivial (trivial), this yields the result.

[]

Lemma 5.3.7 (Lemma 3.2 of [3]). For v € SLy(Z) as in (5.4), pa;(7)eo is a

linear combination of the elements es for 6 € AJ".
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Proof. By Corollary 5.2.4, it is sufficient to prove this for v of the form T"ST"S
for some m,n € Z with (N,n) = (N, c) since any 7 is a product of an element of

this form with an element of To(N) on the right, but e is an eigenvector for [( V).

Then
pa,(S)eo = CL6ZA e, (5.37)
pa (T"S)eo = O{Zje(—n@(é))ea’ (5.38)
pa,(ST"S)eq = OEZL Z e(—nQ(0) — (¢',9))es (5.39)
= Oz(s%é;:d)eé, (5.40)
senp”
pa, (TTST"S)ey = Cgé;*sn(a)e(—mcg(a))e& (5.41)
L 0

Theorem 5.3.8. If Q(0) = Q(¢'), then the es and ey components of Fy are equal.

Proof. This follows from the fact that the coefficient S,,(0)e(—mQ(9)) depends only

on Q(9) which, by Proposition 5.3.5, is the same for all 6 € A}*. H
Corollary 5.3.9. The modular form Fy is I'* invariant.

Proof. This follows from the theorem and Proposition 3.1.2. [

5.4 Dedekind-n Products

In this section we review a construction that produces scalar-valued modular

—_—

forms over I'g(IV). The Dedekind-n function is given by

o0

n(r) =q*T[(1-d" (5.42)
k=1
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and is a weight 3 modular form on SLy(Z). 1t satisfies

n(r+1) = e(1/12)n(7), (5.43)
n(=1/7) = V—irn(r). (5.44)

Let 1, (1) = n(mr).

Theorem 5.4.1 (Theorem 6.2 of [3]). Given the following
1) a lattice L with the level of Af, equal to N,
2) rs for 6 | N such that [AL|/ 15y 6™ is a rational square,
5) (1/24) 3 5750 € Z, and
4) (N/24) X5 7s/0 € Z,

—_—

then 1] ng® is a modular form for To(N) of weight k = Y s75/2 and of character
3|N

) 2k+ (k)1 )
X|AL| if 44 N and x, (‘AL') X22k (A, | if 4| N.

41



Chapter 6

Calculating the x,(m)
The application of Theorem 4.5.1 requires summing over A € L/(L; + L_)
and also computing «, ,, (m). This chapter will cover the general techniques to

complete these two tasks.

6.1 The Structure of L/(Ly + L_)

Let O, m, and ¢ be as in Proposition 2.2.1. Then a straightforward calculation

yields
L=0NV =7+ 70y + 7ls (6.1)
where
b=a, fy=mataf oy ftoB (6.2)
Fix a squarefree d € Z and an element z = 2101 + 2905 + 23¢3 with

d = Q(z) (6.3)

- D -1
= —qz% —2mzyzy — (m ) z§ + Dzyzz + (qT) ng. (6.4)
q

Recall that D = m? mod ¢, 2D | m, and ¢ = 5 mod 8, hence each summand is

integral.
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To ease notation in the following, define the following quantities.

a; = D(z+(q—1)z3/2), (6.5)
ay = 2(qz1 + mz), (6.6)
as = —2(D—m*)z/q+2mz — Dzs, (6.7)
T2z = ged(ag, ag, az). (6.8)

Lemma 6.1.1. If 2| dD, then y123 = ged(D, 2d).

Proof. Set
m = 2Dk’1,
(6.9)
D —4D%k? = Dqks,.
Consider the integral matrix
¢ —Dki(g—1) qlg—1)/2

which has determinant det(W) = —4Dk} — gky = —1. Then

Y123 = ng(al, Qg, 043)

(¢—1)

— gcd (qal — Dkl(q - 1)@2 + q 053,
—4k1aq + (ADk] + ko) — 2k1 (g — 1)z, =201 + 2Dkyz — qas)

= ged(Dzg, 221, Dzg).

Now consider two cases, keeping in mind that both d and D are squarefree and
hence the z; are relatively prime.
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Case 1: 2| D. Since 2 | D, 2| y123 and 2 | ged(D, 2d). So consider only odd primes
p. If p| 7193 then p | z; and p | D. By (6.9), the expression in (6.4) becomes

—1
d = —q2? — 4Dk 2125 + Dkyz3 + Dzozg + (QT) ng. (6.11)

Thus p | d and 7193 | ged(D, 2d). Now suppose p | ged(D, 2d), then again by (6.11)
p | 2g2%. Since p is odd and gt D, p | z;. Thus ged(D,2d) | Y123

Case 2: 2|d, 21 D. Since 21t D, if 2 | 7123, then 2 | 29 and 2 | z5. But then by
(6.11), 2 | z; which is a contradiction. So 21 vy123. Then the same argument for odd

primes p as in Case 1 gives y123 = ged(D, d) = ged(D, 2d). O

Note. If2 1 dD, then ged(D,2d) | 123 | 2ged(D, 2d) and equality does depend on

the choice of the z;.

Let U = 2z C V be the negative plane that is perpendicular to z. A straight-

forward computation yields an orthogonal basis for U given by

up = (2qon)ly + (2qa)ls,
(404%(7712 — D) —4Dqayaz — D(q — 1)qoz§) ’
1

= 2D
q(2Daras — 4ma? + D(q — 1)azas) '
3} D )
20002(D — m?) 4 qaz(Dag — 2may)
+( . )&

Another direct calculation shows
Q(zuy + yuy) = C(2* + dy?), (6.12)
where the constant is given by

C = q(4af(Dm?) + 4Dgaras + Dq(q — 1)a3).
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Thus U can be viewed as Q(v/—d) with a quadratic form given by a constant times

the field norm.

Recall that L has the following subspaces,

L = LNU,

L+ = L N QZ.
Theorem 6.1.2. L/(L_+ L) is a finite group of order %-

Proof. The proof relies mostly on the following lemma. Define

__ ged(aa,2) I aj
T2 = Y123 » = Y127137123
— gedlanas) 1 Qs
713 Y123 ’ 2 Y127237123
_ ged(ag,as) ol — as
723 Y123 ’ 3 Y137237123
Lemma 6.1.3. A basis for L_ is given as
- / /
0 = ajels + azyasls,
- _ / /
by = msly + 51057120 — agy3T1 L3,

where o) + s1o = 1.

(6.13)

(6.14)

(6.15)

(6.16)

Proof. Suppose that ru; + sus € L for r,s € Q. Looking at the ¢;-component of

ru; + Sug gives

—Ds'

S =
q(4a3(D —m?) 4 4Dganaz + Dg(g — 1)a3)

(6.17)

for some s’ € 7Z. Substituting this back into ru; + sus and considering the #o-

component gives r equal to

4oy (r'ag —ans’) (D —m?)+qas(Dr' (4ay —as) +28 (gD —2aym)) +1'ai Dg?

4azq?(4a2(D—m?)+4anasDg+a3D(q¢—1)q
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for some ' € Z. Finally, considering the ¢3-component gives
y g g

ra; = sa; mod as. (6.18)
Thus
P = ¢ 2 ed 2B (6.19)
V123 V123 V123

Set 17 = 931" and s’ = 1358” for some ", s” € Z. This gives
r"o) = s"ay mod aj. (6.20)
Therefore, choose r, s1 € Z such that o) + s104 = ged (o), o) = 1. Then

r" = s"rag 4+ agt” (6.21)

for some t"” € Z. Plugging all of these substitutions in yields the basis given by

(6.16). m

Returning to the proof of the theorem, consider the relation matrix for L/(L_+

Ly),
2 29 23
M= (v siohye —ahyesr |- (6.22)
0 ame 3 Y23
This matrix has det(M) = %, thus L/(L_ + L, ) has order %. O

Corollary 6.1.4. If2| D or2+td, then L/(L_+ L,) is cyclic.

Proof. The relation matrix can be put into Smith normal form by elementary row

and column operations,

ErowMEcolumn = diag(al, 02, 03)7 (623)
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where o7 | 03 | 03 and 010903 = ,y?—i. Under the given conditions, ﬁ—i is squarefree,
thus oy =0y =1and L/(L_ + L) is cyclic. O

Note. When % 18 not squarefree,

(L +L)~Z2LaZ (%) z

and this may or may not be cyclic.

6.2 Eisenstein Series and Whittaker Polynomials

This section summarizes the notation and results from [10] and [13]. Recall
that for p € LY /L_ and v, = char(p+ L_),
E<T: 5§¢M7+1) = ZAM(Svm7U)qm = Z Em(T,S,M) (6'24)
meQ meQ

where 7 = u + iv. The Fourier coefficients have Laurant expansions

Au(s,m,v) = bu(m,v)s + O(s?) (6.25)

at s = 0. Thus
bl e) = o (A 0} (6.20
= A (Bl s (0:27

Let A denote the discriminant of k~ U and h(k) its ideal class number. Following

[10], there is a normalization which satisfies

0

(R 5 {En(r,5, 00} 0 = 5 1B} g (6.28)
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and a factorization of E* (7, s, u) into Whittaker polynomials,

s+

2 W oo(T5 8, 11) H [UASENTHN (6.29)
p

Er (7,5, 1) = vz |A

Proposition 6.2.1 ([10]). The following values are obtained at s = 0.
1) E! (7,0,p1) = 0.
2) Wiool7.0,1) = =202,
where Yo 1S a local factor that will not affect later calculations since Hpgoo vp = 1.

Corollary 6.2.2. There exists a finite prime p’ such that W;‘Lp,(O, p) =0 and hence

om0y = =080 s TTWas00. (630)

p#p’

Note that in this case b,(m,v) does not depend on v and thus (6.30) is equal to the
limit in (4.27).

Now [13] provides the method to compute W, (s, ). Set

[{ASENT)

Wmap(suu) - LP(S—f- LXA)‘

Let S be the matrix for the quadratic form on the lattice L. As usual, address the
cases of p =2 and p odd separately.
In the case of p odd, S is Z,-equivalent to a diagonal matrix, diag(e,p', eap'?),

with ¢; € Z, l; € Z. Then for p = (1, p2) € L), o € 7

p? D

a €Zand 0 < k € Z,
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define the following quantities.

Hy(k) = {i|pi € Zy}, (6.31)
00 ifpel
K, = , (6.32)
Zlélllj(ri(lz +ordyp;) iftp gL
L,k) = {ieH,|l;—k<0andisodd }, (6.33)
L(k) = #L(K), (6.34)
1
du(k) = k+3 > (- k), (6.35)
l;<k
i€H,,
1\ ]
_ €
o = ()T (9), (6.36)
p icLk) NP
’71 if [(a+ 1) is even
flap®) = : (6.37)
(g) L ifI(a+1) is odd
tu(m) = m—> ephus, (6.38)
igH,,
where [@] is the integer part of @

Theorem 6.2.3 ([13]). W,, (s, 1) =0 unless m € Q) + Zy. In such a case, let

X =p~° and a = ord,(t,(m)). Then

Winn(s, 1
Vp| det 257 Py G<a
lu(k) even
when 0 <a < K, and
Wi p(s, 1t 1
L)l =14+ (1==) > v (k)pnWx* (6.39)
| det 253 P olkzxk,

1. (k) even
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Corollary 6.2.4. If K, =0, then W}, (s, ) = Char(Q(p) + Zy)(m).

Corollary 6.2.5. Suppose U ~ k with discriminant A. If L is unimodular (self-

dual) and m € Q(u) + Z,, then

ordp(m) A r
Wi (s,m) = > (;) X7 (6.40)
r=0
Thus
ord,(m) A r
W0 =pm = Y (5 (6.41)
r=0
If p,(m) =0, then
Wi, (0, 1) = 5 Toa(p)(ord,(m) + 1)p,(m/p). (6.42)

Note that p,(m) = p,(p°®™), and p,(1) = 1. Hence W}, (0,u) # 1 for only a
finite number of primes and (6.29) is a finite product.

For the p = 2 case, let ¢ be the canonical additive character on Q,/Z,. Also
recall the character (%) defined by (5.12). Now the matrix S is Zs-equivalent to

only one of the following,

612l1
, (6.43)
622l2
1 1
¢l 1, (6.44)
1
2
1
2l |, (6.45)
1
2

for €;, ¢, " € Z5 and I;, I', I" € Z.
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We will now specialize a theorem from [13] in these three cases. First consider

S ~ (6.43). Then for p = (ui,pe) € Ly and 0 < k € Z define the following

quantities.

H, = {i|p €L},
Luk) = {i€H,|li—k<0isodd },
(k) = #Lu(k),

1
d, (k) = /{;+§Zmin(l,-—k+1,0),

i€H,

€M<k) = H €,

€L, (k—1)
0 ifl; =k —1for someic H,

1 otherwise.

Qu) = > a2l

i¢H,

v=vmk) = m-Qu2t— Y o«

i€H,,, li<k—1

Let K, be oo if p € Ly. For p € Ly — Lo, let K, be the minimum of

{l; + ordop; + 1 | ordop; < =1},  {l; + 1 | ordap; = —1}.

Theorem 6.2.6 ([13]). For S ~ (6.43) and u € L3,

(ZIHQH)W ( )
2 m 87
el Char(Qu) + Za)(m)
2
+ 5 (k 2du(k)73/2 (_) Xk
0<§K# lu( ) Eﬂ(k)l/
1u(k) odd

(6.46)
(6.47)
(6.43)

(6.49)

(6.50)

(6.51)

(6.52)

(6.53)

(6.54)

+ Y Gk (w—k’)) " (g) Char(472) (V) X*.

2
0<k<K, (
lu(k) even
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Note that even when K, = oo, both sums are finite since there always exists K™
such that for all £ > K™ Char(4Z,)(v(k)) = 0 and (m) = 0.
Next consider S ~ (6.44). (Re)define for p = (u1, o) € Ly and 0 < k € Z the

following quantities.

00 if pely
K, = , (6.55)

"+ min(ordy (), orda(pg)) if p & Lo

min({', k) if p € Ly

du(k) = : (6.56)
k if & Lo
(_1)min(l’—k,0) if e Lo
pu(k) = 8 : (6.57)
1 if 11 & Lo
0 if n e L2
Q(n) = < , (6.58)
\ Q) ifp & Ly
v(k) = vu(m, k)= (m—Q'(n)2°". (6.59)

Theorem 6.2.7 ([13]). For S ~ (6.44) and p € L3,

QI/Wm,2(57 H’)
Y2

= Char(Q(p) + Zy)(m)

+ ) pu(k)2 Bty <@) Char(4Z;)(v(k)) X*.

0<k<K,

Lastly, for S ~ (6.45). Redefine for p = (p1,2) € Ly and 0 < k € Z the

following quantities.

00 if pe Lo
K, = , (6.60)

" + min(orda(py), orda(pe)) if p & Lo
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p

min({”, k) if Lo
d,(k) = (.F) e : (6.61)
k it 4 Ly
0 if pely
Q) = , (6.62)
| Q) itpe L,
v(k) = vu(m, k) = (m— Q ()2 (6.63)

Theorem 6.2.8 ([13]). For S ~ (6.45) and jn € L3,

ol Wina(s, 1)

- = Char(Q(p) + Z2)(m)

+ ) 2kl (@> Char(4Z;) (v (k) X*.

8
0<k<K,
Through (6.30), Theorems 6.2.6-6.2.8 can now be used to explicitly calculate

K, (m).
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Chapter 7

Examples

In [5], Elkies demonstrates a technique for computing the coordinates of some
rational CM points on the Shimura curves associated to quaternion algebras with
small discriminants. We now review the set-up from [5] in the cases of D = 6 and
D = 10 using the notations and conventions introduced in the previous chapters.

It should be noted that in [5] the cases of D = 14 and D = 15 are also
considered. For D = 14, the exponents on only the odd primes in the factorizations
of rational CM points could be verified with our method. This is likely the result
of a small systematic error in the explicit local calculations at the prime 2, but the
general theory should still apply. In the case of D = 15, the correct expression in
terms of rational quadratic divisors for the divisor of the coordinate map has not

yet been computed.

71 D=6

First consider the quaternion algebra ramified at the primes 2 and 3. In [5] it

is presented as Q + Qb + Qc + Qbc with

¥ —2=c"+3=bc+cb=0. (7.1)

o4



By Theorem 2.1.1, there is a Q-algebra isomorphism Q+Qb+Qc+Qbc = B = <

In this case it is given by

4 1
b — 50& — gaﬁ,
2
c — —ga + g@ﬁ,
bc — .

The algebra B has a maximal order given by

074 (404—@6)Z+ (5—3a+2aﬂ)z+ (4@—1—55—(15) 7

) 10 10

Further, the image of T'* in PGL3(RR) is generated by three elements,

6 4
Sp = —g&+5+gaﬁa
1 1 3
- ]_Zg4-=
S4 5Oé+ 25+ ]_Oaﬁ,
3 3 1
S R TR

which satisfy the group presentation

< 89,84, 86 | 55 = 8] = 85 = 595456 = 1 >

5,6
o )

(7.9)

(See Section 3.1 of [5]). Since the image of I'* has such a presentation, it is called a

triangle group, and there exists a parametrization tg : X — P! over Q. Such a map

giving the isomorphism is only well-defined up to a PGL, action on P!. However, the

map is uniquely determined once the value at three points of & are choosen. Since

there are three distinguished elements of ['*, namely so, s4, Sg, it is only natural to

fix the value of the isomorphism at their three fixed points, P, P, Ps. Thus, define
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the map tg : X7 — P! such that it takes on the values 0, 1, co at the points Py, P,
P, respectively. (Warning: In [5], the author chooses tg to have the values 0, 1, oo

at the points P, Py, Ps.) This defining criteria can be expressed as

le(t6) = P4 — P67
(7.10)
tﬁ(PZ) — 1
Let s? denote the trace-0 part of s;. Since the action of B* factors through PGLy(R),

the fixed point of s; is the fixed point of all of k C B* where k; = Q(s;) = Q(s?).

)

For the s; as above,

ko~ Q(vV/=6), ki~Q(/=1), ks ~Q(/=3). (7.11)

Then Proposition 4.2.1 and Definition 4.2.1 suggest expressing div(ts) as a linear

combination of Z(1,n;;T*) and Z(3,n3; T*) for some 7,73 € LY/ L.
Lemma 7.1.1. The stabilizers of the s? have the following sizes.
1) |Stabr«(s9)| = 4.
2) | Stabr(s8)| = 6.

Proof. To avoid redundancy, we will only calculate |Stabr«(s2)| explicitly. The order
of Stabr«(s)) is calculated in the same fashion. A routine calculation shows that
Stabpx () = (Q + Qz) N B*. However, by Section 3.5 of [12], r + ts§ € I'* for
r,t € Q if and only if n(r + tsg) = r* 4 4t> € Z¥ for p f D. Since the I'* action

factors through PGLy(R), assume that r,¢ € Z and are relatively prime. Suppose

r? + 3t = 2y (7.12)
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for some odd uy € Z. Then either r = 0, t = 0, or r and t are odd. If r = 0 or

=0, then j = 0 or 2. Suppose r = 2r'+1 and t = 2t + 1 for some 7', ¢’ € Z. Then
4(r* +7) + 1+ 12(t* + t) + 3 = 2/uy. Thus j = 2. Now suppose

r? 4 3t% = 3Fuy (7.13)

for some uz € 7Z relatively prime to 3. Either k£ = 0 or 3 | m. Suppose 3 | r.

Then 3(r/3)? + > = 3* luz. Since r and t were relatively prime, & = 1. Thus

there are only four possible values that 72 + 3t? can take on for r + ts§ € T'*: 1,

3, 4, and 12. Inspection reveals that (r,t) € {(1,0),(0,1),(1,£1),(3,£1)}. Hence

|Stabr- (s2)| = 6. O]
Lemma 7.1.2. The following equalities hold.

1) Z(1,0;T*) = 1P,

W=

2) Z(3,0;1%) = Lp.

D=

Proof. These identities follow directly from Lemma 7.1.1 and that

IPAL(D)] = [[A\LE)[ = 1 (7.14)

by Corollary 3.2.10. O
Proposition 7.1.3.

div(ts) = 4Z(1,0;17) —6Z(3,0;I™). (7.15)

Hence, to use Theorem 4.3.1, the input vector-valued form must have, for m > 0,

(
2 m=1

co(-m)=4 -3 m=3 - (7.16)

0 otherwise

\
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7.1.1 The Input Form

Recall that A, = LY/L. By Corollary 3.1.1, |AL| = 72 and N = 12. To

vectorize properly, we need a form of weight % and character xgX144-

Proposition 7.1.4. Let Ay, Ay, A3, Ay, A5 € Z, and set

1

T2

rs

Ty

Te

r12

Then

As,

16 — 124, + 36 A5 — 9A; — 144, — 6As,
—30 4 24A; — 484, + 16A; + 24A, + 5A;,
—17 4+ 124, — 364, + 945 + 164, + 5As,
43 — 36A; + 604, — 2145 — 34A, — 6As,

—11+12A; — 12A5 4+ 5A3 + 8A4 + As.

[In

sl12

—_——

is a modular form for I'o(12) of weight % and of character xoXx144-

Proof. One can check that the following hold.

2/ [[o7 = (@%3%),

812

(1/24)) 56 = Ay,

512

(1/2)> rs/s = A,

812

27‘5/2 = %

)

o8

(7.17)
(7.18)
(7.19)
(7.20)
(7.21)

(7.22)

(7.23)

(7.24)
(7.25)

(7.26)

(7.27)



—_—

Hence, by the Theorem 5.4.1, (7.23) is a modular form for T'o(12) of weight 3 and

of character xgyx144. O

—_—

Now examine the structure of such a form at the various cusps of I'g(12). The
orders of the zeroes of 7 at the cusps for § | N are given in Table 7.1. Using this
information, Table 7.2 gives the orders of the zeroes for a form defined by (7.17-7.23),
where a negative value represents a pole.

To construct a form defined by (7.17-7.23) such that it has neither a pole nor
a zero at 100 and no pole at any other cusp, one simply solves the following system

of inequalities over Z.

0 < Ay/12, (7.28)
0 < (15—12A; 4 284, — 8A3 — 124, — 445)/12, (7.29)
0 < (=5+4A; —9A, + 343 +4A, + As5) /4, (7.30)
0 < (—4+3A; —8A, + 243 +4A, + As5)/3, (7.31)
0 < (25 —20A; + 364y — 1243 — 204, — 4A5) /4, (7.32)
0 = A, (7.33)

Doing so yields a unique solution

(AlaAZaA37A47A5) - (anylala_2> (734)
which produces
7 >
o= 5 =0(r) =) _q". (7.35)
7717]4 nez
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Table 7.1: Order of the zero of ns at the cusps of I'y(12)

Cusp
_0 1 1 1 1 o1_.
1=0 5 3 1 § =100
1 1 1 1 1 1
n 24 24 24 24 24 24
1 1 1 1 1 1
T2 18 12 18 12 12 12
1 1 1 1 1 1
3 72 72 8 T 8 8
1 1 1 1 1 1
T4 96 24 96 6 24 6
1 1 1 1 1 1
UG 44 36 16 36 4 1
1 1 1 1 1 1
T2 %8 72 32 18 8 2

—_——

Table 7.2: Order of the zero of a form defined by (7.17-7.23) at the cusps of I'g(12)

Cusp Zero Order

1=0 Ay /12

1/2 (15 — 124, + 284, — 8A3 — 12A, — 445)/12
1/3 (=5 +4A; —9A; +3A; +4A, + A5)/4
1/4 (—4+3A; —8Ay+2A3+4A,+ A5)/3

1/6 (25 — 20A; + 364, — 1245 — 204, — 445)/4

1/12 = ico A
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Similarly a form defined by (7.17-7.23) that has a pole of order k at ico, but
no pole at any other cusp can be found by solving the inequalities (7.28 - 7.32) and

—k = A; over Z. For a simple pole at ioo, there are five such Dedekind-n products.

They are
12
72713 1
1= = —4+5+40 ql, 7.36
niNAN6NT: q q (7:36)
3,2, 2
2Ny e 1
= —+2+0|q], 7.37
Ny q q (7.37)
2.9
1
Bl ~4140[d, (7.38)
AU q
U 1
T3 = —*+3+ Olq], (7.39)
iN4aT2 q
mnsng 1
> = —— 1+ Olq]. (7.40)
71314712 q

For a triple pole, there are 35 such forms. One of them is

2..4,.4
121137476 1 1
P3=——— = — ———2+4+0|q]. 7.41
Uit @ q gl (7:41)

Thus the linear combination

fo = =63 — 291 — 24 = —%WLE‘FO[Q] (7.42)
q q

P e g

is a vectorizable modular form over I'g(12) for T'g(12) of weight  of character xpx144

with no poles at finite cusps.
Theorem 7.1.5. There exists a nonzero constant cg such that

te = cg W (Fy,)?. (7.43)
Proof. There is an equality of divisors

div(ts) = 42(1,0;T*) — 62(3,0; T*) = div(¥(F},)?).
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712 A=-24

In this section we calculate W(F},)(FP). Recall that P, is the CM point with

discriminant —24 on the Shimura curve X. The result of the calculation gives the

value of ¢ in Theorem 7.1.5 since by definition t5(Ps) = 1.

Recall that B = (%) Set m = 36 so that by (6.2),

L = 70+ 705+ 705
where

_ 36atap Eg _ Btap
— -

El = «Q, EQ 5 )

Take z = /3 so that @(z) = 6. Then the negative plane is spanned by

uy = 12062—6063,

up = 622800, — 864005 + 432045,
and
Q(Xuy + Yuy) = —3736800(X? + 6Y?).
By Lemma 6.1.3, a basis of L_ is given by

07 = 2y — Ly,

g; = 61,
and a calculation shows that

Q(Xl; +Yl;)=—1038X% — 144XY — 5Y~.
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(7.47)
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Thus globally

~1038 —72
S = . (7.52)

-72 =5

For primes p # 173, this is Z, equivalent to

—-173-6 0
Sp ~ (7.53)
0 —173
where the basis of L_ , is given by
by, = 1, (7.54)
by, = —120; +173(;. (7.55)

When p = 173, S is Zi73 equivalent to

-5 0
5173 ~ (756)
0 —5-6
where the basis of L_ ;73 is given by

By Theorem 6.1.2 and its corollary, L/(L_ + L.) is cyclic of order 2 and A =

Uy + (L_ + L) represents its nontrivial member. This has the decomposition

1
Ao o= getLy, (7.59)

1
A= b+ L (7.60)

63



By Theorem 4.5.1,

> ol ElE = (T o) ). (o

2€Zr« (Q(v/~6))
Considering (4.26),

ro(1) =y (L), (7.62)

ko(3) = Ky (3)+r, (3/2) + kK, (3/2). (7.63)

The term k), (3/2) appears twice in (7.63) due to the two values x = £2/2 €
Ay + Ly = (3 + Z)z that satisfy 3 — Q(z) > 0.

Let ¥ = {primes ¢ | Ip with ¢ | det(S,)}. By Corollary 6.2.5, for primes p ¢ ¥
and ord,(m) = 0, the Whittaker polynomial Wy (s, u) is identically 1. The results

at other primes are organized in Tables 7.3 and 7.4 and

ko(l) = —6log(2), (7.64)
ko(3) = —8log(2) — 4log(3). (7.65)
Thus
> logl[(z, Fy,)||> = —61log(3) — 6log(2). (7.66)
2€Zp+ (Q(v/~6))

By [5], the CM point with discriminant —24 is a rational point and
U(Ry, Fp,)? = 675, (7.67)

Corollary 7.1.6. tg = 65U(F}, )2
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Table 7.3: Whittaker Polynomials for k(1) when D =6, A = —24

ulm| p |y | Wio(s,u) | We(0,u) | Wi (0,u) | £y (m)
0|12 0] =% 0 Togd)

s o w4

5 [0 1

1731 0 1
01 —61og(2)

Table 7.4: Whittaker Polynomials for k((3) when D =6, A = —24

w | m | p Uy W o (s,u) | Wy (0,u) | Wi (0,u) | Ky (m)
01| 3 | 2 0 % e
1-x2 21log(3)
3 0 = 0 =
5 0 1 1
173 0 1 1
0| 3 —41og(3)
R e 0| =g
3 “h 1+X? 2
2 V3 V3
0T
5 d B 1 1
173 | e _ B 1 1
A | 3/2 —4log(2)
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713 A=-163

We are now able to compute the coordinates of the other rational CM points

listed in Table 8.1. We illustrate the calculations with the example of A = —163.

The calculations of the Whittaker polynomials was implemented in Mathematica

and are omitted here. As an example, the Mathematica code and output for A =

—52 and D = 10 can be found in the Appendix.

Take z = 8501 — 1205 so that Q)(z) = 163. Then the negative plane is spanned

uy = —72062—720&%,

uy = 212544001 — 29592005 + 1173605,
and
Q(Xuy + Yuy) = —127526400(X? + 6Y?).
By Lemma 6.1.3, a basis of L_ is given by

G = —ly— s,

l; = 360, — 70,

and

QX7 +Y;)=—6(41X2 +163XY + 163Y?).
1 2

Thus globally
—246 —489
g —
—489 —978
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Table 7.5: Z, equivalences for S when D =6, A = —163

p Sp gl_,p 42_47
—246 0
p# 2,41 0y —16307 + 8245
0 —40098
1 1
2 — | 163(14v489) ,— —
2 —246 O | =252 — 414 /350
!
2
—-978 0
41 0y 200 — 45
0 —6

This has the Z, equivalences given in Table (7.5).

By Theorem 6.1.2 and its corollary, L/(L_ + L) is cyclic of order 163 and

A =/{3+ (L_+ L) represents a generator. This has the decomposition

—36
AL = —— L
+ 163Z+ 1
85
A = W74+ —0+L_
AT

Then computations of Whittaker polynomials as before yield

ko(l) = —4log(2) — 11log(3) — 4log(7) — 41log(19) — 4log(23),
ko(3) = —% log(2) — 4log(3) — 4log(5) — 4log(11) — 41log(17).

Thus by Theorem 4.5.1 the CM point P_143 with discriminant —163 has

31174194934
to(P-163) = 21056116176

Note that this proves the conjectural value given in Table 2 of [5].
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72 D=10

7.2.1 The Input Form

Now we consider the quaternion algebra ramified at the primes 2 and 5. In [5]

it given as Q + Qb + Qe + Qbe with
b +2=¢e?—5=be+eb=0. (7.80)

Again, there is an isomorphism Q + Qb + Qe + Qbe = B = (%) given by

8 3
a2 81
b +— 3¢ 13045, (7.81)
15 4
— — .82
¢ = et (7.82)
be — 8. (7.83)

B contains the maximal order

—8a — 3af 13 + 15a + 4 —8a + 133 — 3af
=7 — | Z Z 7.
O=7+ ( 13 ) * ( 26 ) * ( 26

Then by Section 4.1 of [5], the image of I'* C PGLy(R) is presented as

< S9,8h, 59,83 | 85 = s = s = 55 = sp555hs3 = 1 >, (7.84)
with
8 3
Sy = ——13a — —13045, (7.85)
35 1 23
/ h— — — — — — —
sy = 13a 25 26045, (7.86)
20 1 15
/i . _ =~ _ _ -
Sy = 13 26 26046, (7.87)
1 31 5
= e 2ap. 7.88
% > " 26Y 13 (7.88)



There is a map t1o : X}, — P! such that

diV(th) = P3 — PQ,
(7.89)

where P, Pj, P3 are the fixed points of sq, s5, s3, respectively. Again the fixed point

of s; is the fixed point of all of k C B* where k; = Q(s?). Now

~QV=2), K~QW-5), K~QW-I0), k~Q(yv=3). (7.9
Lemma 7.2.1. The stabilizers of the s¥ have the following sizes.
1) |Stabp-(s9)| = 2.
2) |Stabr«(s9)| = 3.
Proof. These values are obtained in the same manner as in Lemma 7.1.1. O]
Lemma 7.2.2. The following equalities hold.

1) Z(2,0:T%) = 1P,

DO [

2) Z(3,0,T%) = Lpy.

W=

Proposition 7.2.3. The following identity for tiy holds,

Then the same line of reasoning as in Section 7.1.1 applied to the case |Ay| = 200

and N = 20 gives the following result.
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Theorem 7.2.4. Let

6,,8 37,2,2 2,6 5
fio = 3( 73747271(23 > _9 (772727421()) _ 5( 7747271(1 ) +4( 2722> (7.92)
27520 1720 275720 NNy

3 2
¢ ¢ od (7.93)

—_——

It is a vectorizable modular form over I'y(20) with no poles at finite cusps. Thus
div(tig) = div(V(Fy,,)?). (7.94)
So again the two functions agree up to a nonzero constant,

th = Clo\Ij(Ff10>2. (795)

722 A=-20

To compute the constant cjy, we now consider the case of A = —20. Recall
that Py is the CM point with discriminant —20 on the Shimura curve X}, and

t10(Py) = 2 by definition. Set B = (ﬂ) and m = 240 so that by (6.2),

Q
L = 70, + 7205+ Zls (7.96)
where
b=, ly=20otab g, Fab (7.97)

Take z = 55¢; — 3(5 so that (z) = 5. Then the negative plane is spanned by

w = —T7800y — 468005, (7.98)

us = 76986000, — 41730045 4 6240045, (7.99)
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Table 7.6: Z, equivalences for S when D =10, A = —20

p Sp El_,p €2_7p
—3290 0
p#£2,7,47 07 | 10767 4 65805
0 —658
—87 0
p=2,7,47 05 | 87¢] + 53505
0 —435
and
Q(Xu1 + Yuz) = —2001636000(X2 + 5Y2). (7.100)

By Lemma 6.1.3, a basis of L_ is given by

t; = —ly—06/s, (7.101)
by, = 30+ s, (7.102)
and
Q(X{] +Yly) = —3290X7 4+ 107T0XY — 87Y~. (7.103)
Thus globally
—3290 535
S = . (7.104)
535 =87

This has the Z, equivalences given in Table 7.6.

By Theorem 6.1.2 and its corollary, L/(L_ + L) is trivial. Theorem 4.5.1
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yields,

> ol FalP = () Gl - 20

2€Zp+ (Q(+/=5))

Computations as before yield
ko(2) = —6log(2),
ko(3) = —8log(2).
Thus

ST log [z, Fp)l = 3log(2).
2€Zp+ (Q(vV-5))
By [5], the CM point with discriminant —20 is a rational point and
\II(P2/> }me)2 = 2%,

Since t19(Py) = 2,

tio = 272U (Fy,,)°.

723 A=-68

(7.105)

(7.106)

(7.107)

(7.108)

(7.109)

(7.110)

Again, we are now able to compute the coordinates of the other rational CM

points for X7, listed in Table 8.3. Moreover, we are also capable of calculating

the norms of irrational CM points. As an example, we compute the norm of the

irrational CM point with discriminant —68.

Take z = 2214, — 1205 + {3 so that Q)(z) = 17. Then the negative plane is

spanned by

u; = —15600y — 650003,

Uy = 361998004, — 196248005 + 269620/,
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Table 7.7: Z, equivalences for S when D = 10, A = —68

p Sp Eip 62_,1)

—175115 0

p # 35023 (5 | 3502307 — 312294,
0 —17-175115

—17-8190 0

35023 07 | —1837¢; + 163805
0 8190
and
Q(Xuy + Yug) = —9411948000( X + 17Y?). (7.113)

By Lemma 6.1.3, a basis of L_ is given by

0y = —6ly — 2505, (7.114)
0; = 50— Tl — 280, (7.115)

and
QXlT +Yy) = —5(27846)(2 + 62458 XY + 35023Y2). (7.116)

Then S has the Z, equivalences given in Table 7.7.
By Theorem 6.1.2 and its corollary, L/(L_ + L) is cyclic of order 17 and is

generated by A = {3 + (L_ + L, ). This has the decomposition

-30

>\+ = 1_72 + L+, (7117)
—14
A= 1787e; 4780, + L. (7.118)
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Then computations as before yield

ko(l) = —61log(2) — 6log(h), (7.119)

ko(3) = —810g(2)—%10g(5). (7.120)

This time the CM point with discriminant —68 is irrational, and Theorem 4.5.1

gives its norm (after renormalization) as 22 - 5.
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Chapter 8
Tables

81 D=6

8.1.1 Coordinates of Rational CM Points on A&§

The following table gives the values of ¢4 (as defined by (7.10)) at the rational

CM points of X. These values verify the values in Table 2 of [5]. Denote tg(Pcoy) =

(r:s).

Table 8.1: Coordinates of Rational CM Points on &g

A r s Proved in [5]
-3 1 0 Y
—4 0 1 Y
—24 1 1 Y
—40 37 53 Y
—52 2237 5% Y
~19 37 210 Y
—84 —227? 33 Y
—88 3774 50113 Y

5



Table 8.1: Coordinates of Rational CM Points on Ag

A r s Proved in [5]
—100 2137715 116 Y
—120 74 3353 Y
—132 24112 50 Y
—148 223774114 50176 N
—168 —7%114 5% Y
—43 3774 21056 Y
—51 —7 210 Y
—228 2074192 3656 N
—232 3774114194 50236293 N
—67 3774114 21656 N
—75 114 210335 Y
—312 74234 50116 Y
—372 | —227"19'31% | 3%5011° N
—408 —74114314 3055173 N
—123 —7419% 21056 N
—147 —11423% 21033567 Y
—163 | 3174191234 | 21056116176 N
—708 | 2874114474592 | 59176296 N
—267 —7131143% 216567116 N
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8.1.2 Norms of CM Points on X for 0 < —d < 250

Here we give the norms for all CM points of fundamental discriminant A = d
or 4d for 0 < —d < 250. This cut-off is arbitrary. It is also only for implementation

reasons that we only compute for fundamental discriminants (i.e. d squarefree).

Table 8.2: Norms of CM Points on X for 0 < —d < 250

A (Pl (1= t)(Pa)
—40 g_; 2351372
—59 2;_27 132332
—19 23T70 132211091
.| &
w8 |
~120 T z
—132 2451612 3451632
9 i
—148 22221‘;%14 1:’)235761147762712
—168 7251614 233556192
43 % 192?3;84-31
8| &5 i

7



Table 8.2: Norms of CM Points on X for 0 < —d < 250
A [t6(Pa)l (1 —t6)(Pa)
74 3417t
=51 210 510
2674192 132172372
—228 3656 3656
—939 3774114194 2313217%41289%1132
56236293 56236293
26321194 19%37247%611
244 176296 172296
_ 194 26192432
264 39111 39113
—67 3774114 132432612671
21656 21656
_ 24232 38231372
276 112 116
—980) 31474234 21213423211321372
56112296 56116296
210314194 13417419%672712
—292 “Fizoge B T T T T a—
_ 74234 2435131172432
312 56116 56116
—398 318118194 261922348921372
512176413 512174412
340 2431878234 1341721942326121672
56296416 56296416
91 3474 132174372672
226112 226116
2274194312 132232372612
—372 3356116 3356116
. 328314 2163741132
376 232416473 232414472
388 214318314 13417443216721912
512112476 512116474
74114314 26132192432672
—408 3656173 3656173
o 21274934 38232612
420 56176 56174
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Table 8.2:

Norms of CM Points on X for 0 < —d < 250

A |t6(Pa) (1 —t6)(Pa)
494 325712194 291361943744121372
296476533 296476533
— 436 26321712314 13543471210911912
176416536 172416536
78192 2639191672
456 112176 116174
~115 314194 13*192232%6121092
22056712 22056116
— 4792 321194234314 2171942344728922332
518536593 518536593
74194 34132232411
_123 21056 21056
214314432 372412612
_516 3127176 312172
—520 31878194434 26132174192374113223322572
56112416596 56116416596
—532 243147411823443% 1741922323721092191223922632
512296536 512296536
—552 194434 26134192432672
36512231 36512233
~139 321194234 1942344321391
236176 236172
_ 2478472 38134174471
564 112236 116234
—568 31478234314 28194232412137225722812
512176472713 512174476712
—580 220332434474 13841443%47213922632
512596716 512596716
—616 32878434 21213837261423322812
112232536716 116232536716
628 26321194314474 1946127121571167223923112
- 518118416 5181112412
~163 3174194234 1326721092139%15721631
21056116176 21056116176
—660 2478114434 1744726121092
31256236 31256234
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Table 8.2:

Norms of CM Points on X for 0 < —d < 250

A |t6(Pa) (1 —t6)(Pa)
— 664 339474 2273744746147128922572
296596833 1112296596833
N 112234314 212136234672
696 315293 315116293
—708 2874114474592 341321922323724121092
56176296 56176296
—712 332198434594 21219412432474113%28123532
524836893 524836892
—794 210339594 17241443%6741572181' 3592
176536896 1112536896
712312594 29313412432
—r44 236296 232296
—187 318114314 13*17219%37216321812
220512232 220512236
—760 31478118234314474 28134174192232472614137223323532
56416716896 56416716896
—779 21431478314434 13417443213922392311235923832
512236592836 512234596836
194314 38132192472
—195 22656 22656
—804 218112194672 1351761941092
312296 312116296
—808 3252331594674 291362343724128922572401
5181184761013 51811124721013
—820 28328716474674 374412472674109%1672181226323832
5122968961016 5122968961016
— 840 74434674 261341942341392
31256112176 31256116174
—9211 325712314 4146121572211
236176236 236172232
]59 24594712 3813419447%261271}
B 512112232 512116236
_856 321712112194314714 219136176194374281235324012
53683610161073 11653683610161073
— 868 22832878474 37441467216321912211235924312
5247121076 5247141076
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Table 8.2:

Norms of CM Points on X for 0 < —d < 250

A |t6(Pa) (1 —t6)(Pa)
78234 134232412712
_219 22639 22639
— 888 314474714 2123133714126721392
5189296 518996
—904 332716194674 2121381964326144492
17659289610761133 59689410761132
—916 210335194434714 13101984342291311238324312
41610161136 111241210161136
—935 31478194314 1741924721392%181221122292
22056112296 22056116296
—948 26194314674792 19437247271210921572
315518 315518
—9592 32878232714794 2164344747122332401%449>
5241761136 5241742341134
—964 234342594794 131237467423924792
17124728361076 1744728361076
—984 712112794 21637243213921632
312236413 312116232413
—996 216712714832 3141364721572
176296416 172296416
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8.2 D=10

8.2.1 Coordinates of Rational CM Points on A7),

The following table gives the values of ¢;, (as defined by (7.89)) at the rational

CM points of A}. These values verify the values in Table 4 of [5].

tio(Pon) = (r 1 s).

Table 8.3: Coordinates of Rational CM Points on &7

A r s Proved in [5]

-3 0 1 Y

-8 1 0 Y
—20 2 1 Y
—40 33 1 Y
—52 —2133 52 N
—72 53 3172 Y
—120 —33 72 Y
—388 3353 2172 N
—27 —203 52 Y
—35 26 7 Y
—148 2133113 5272132 N
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Table 8.3: Coordinates of Rational CM Points on A7

A r s Proved in [5]
—43 2033 5272 N
—180 —21113 132 Y
—232 | 33113173 225272232 N
—67 —263353 72132 N
—280 33113 2171232 N
—340 2133233 72292 N
—115 2933 13%23 N
—520 33293 237213472 N
—163 | —293353113 | 72132292312 N
—760 | 3317347 72312712 N
—235 2033173 7237247 N
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8.2.2 Norms of CM Points on &7, for 0 < —d < 250

Table 8.4: Norms of CM Points on &7 for 0 < —d < 250

A [t10(Pa) (2 = t10)(Pa)]
0|8 i
—592 2;:21,3 2351231
68 &151 2451271
s | g L
~120 & 5
—132 2213;51 2451212
5| 2 2
—148 E; ?z };2 255217722133721
12| 3 i
—43 o o
~212 Pl 2o1res
| EEL | pe
8| B e
-260 | %k S
—67 203353 21112312
72132 72132
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Table 8.4: Norms of CM Points

on X}, for 0 < —d < 250

A [t10(Pa)l (2 = t10)(Pa)
33113 53132
—280 2171232 2171232
B 223651173 24172532731
292 134292 52134292
2452113233 214112194
308 74292 5474292
—3192 36173233 114132732
225474312 225474312
o 3651231 114372
328 23312 2352232
218 23132192
—83 51132 54
_ 2133233 2352132171
340 72292 72292
—379 2239113233 28112312732
5474132372 5474372
388 2236173291 24114172971
54132372 54292372
— 408 3951113293 112172194972
74134312 5274134312
2236293 2456172
420 72372 72372
221 23174312
—107 5176 5476
_ 113233 56111
440 22134 22132
— 459 24116173291 28114172314113!
5378 5678292
_ 2933 2152112
115 132231 132231
— 479 3954293 1925917321132
21232312472 2152232312472
11°173 114132174
488 24134472 2456472
o 2153651 22134592
123 74232 5274232
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Table 8.4: Norms of CM Points

on X}, for 0 < —d < 250

A [t10(Pa)] (2 = t10)(Pa)|
33293 54112172
=520 2372131472 2372131472
—532 22365611323! 2101121921132
72292372532 72232292372
548 24116293413 28114134194137!
5378132532 5678532
31552413 194312592
552 26136312 2654134
—568 36173231413 1723127119721372
5474472 5474232472
2236413 2457
—580 132291532 291532
_ 212113 2256112
155 74311 74311
—628 233954113473 2131141921372157!
292312532612 52292312532612
—632 52116413471 1141767911132
2278134 225478472
~163 293353113 21192592792
72132292312 72132292312
2239473 2854112172
660 74232612 74232612
113173418 510114
630 2476232 2476232
—692 27175473 227176312173}
54231312532 510231532
—708 223656173413533 241145929721572
74132234292372612 74234292372612
—7192 312471533 19*5327921732
2753712 2756472712
—798 176293533 1741945941372
245276134712 245876132712
24116533 2858114
740 234292371 234292
—187 2123651113 22134712
232312372 52232372
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Table 8.4: Norms of CM Points on &7, for 0 < —d < 250

A [t10(Pa)l (2 = t10)(Pa)
—760 33173473 5211213219372
72312712 72312712
—779 223651293413531 241721132173%1931
74132372612 5274532612
21236 2256192
195 132292 132292
788 25179473593 221132172192594197"
710134231 56710234
—808 3954413593 1161321572197
22132232472712792 2252232472712792
22752113 24116792
203 74134372 5474372
N 2236593 2857
820 74312372 74312
—840 36233533 54114172192
2472134792 2472134792
8592 2431252113473593 2121161947121932
136236612 54134236612
— 868 2431252531 2831213721972
74291372 5474294
—879 116179593 1161923147121732
24710294712 2456710294
888 318413473 312372594712972
2452294312792 2458294792
_ 233173 25174374
227 136312 56132312
232593 515372
—920 23291472 23231294472
—9392 26173232413533 212176194532714233!
52712314 58712234314
2633173 2152112192
235 72372471 72372471
— 948 26321593713 2261947921572
52314372472612 58372472612
— 959 31252711 172113219322332
2274231792 225474234712
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Appendix A

Mathematica Code and Output

This code was implemented in Mathematica (version 5.2) to produce the cal-
culations presented in Chapters 7 and 8. The output that follows corresponds to
the input given in the first two lines. The author apologizes for the state of this
code as no attempt has been made to make it efficient or properly commented. It

is provided solely for completeness.

DiscriminantOfQuaternionAlgebra = 10;

Discriminant0OfCMPoint = 52;

DB = DiscriminantOfQuaternionAlgebra;

{tk2c, Ds2, tk3c, Ds3, c2} =

Switch[DB, 10, {3, 3, -2, 2, 2°(2)}, 6, {-6, 3, 4, 1, 6°(-6)},

14, {2, 2, -4, 1, 1}];

<< NumberTheory ‘NumberTheoryFunctions*

<< NumberTheory ‘AlgebraicNumberFields*

<< SmithForm*

0ff [General: :spelll]

Squarefree[xxx_] := Module[{divx},

divx = FactorInteger[xxx];
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Product [divx[[i, 1]]"Mod[divx[[i, 2]], 2], {i, 1, Length[divx]}]
]
d = Abs[If[Mod[Discriminant0fCMPoint, 4] == 0,

Discriminant0fCMPoint/4, DiscriminantOfCMPoint]];

DK = If[Mod[Squarefreel[d], 4] == 3, Squarefree[d], 4Squarefree[d]];
hk = ClassNumber [-DK];
PrimeDivisors[xxx_] := If[xxx == 1, {3},

Transpose [FactorInteger [xxx]] [[1]]]
TwoAdicReduce [xxx_] :=

Module [{minpoly, X, rts, rtl, rt2, rat, irrat},

minpoly = MinimalPolynomial [xxx, X];

rts = X /. Solve[minpoly == 0, X];

{rt1, rt2} = If[Length[rts] == 2, rts, Append[rts, rts[[1]1]]];

rat = FullSimplify[(rtl + rt2)/2];

irrat = FullSimplify[(rtl - rt2)/2];

ratmult =

If[irrat == 0, O,
FullSimplify[Sqrt[irrat~2/
Squarefree[FullSimplify[irrat~2]]]1]];

FullSimplify[rat + ratmult]

]
ord[ppp_, ttt_] := Module[{fac, t = 0, i, tt},

If [PrimeQ[ppp],
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If(ttt == 0, t = Infinity,
tt = If[ppp == 2, TwoAdicReducel[ttt], ttt];
fac = FactorInteger[tt];
For[i = 1, i < Length[fac] + 1,
If[fac[[i, 11] == ppp, t = facl[[i, 2]11];
i++], Print["First input ", ppp , " not Prime"];
t = Null

11;

RamifiedPrimes = PrimeDivisors[DK];
Divides[xxx_, yyy_] := If[Modl[yyy, xxx] == 0, True, False]
stan[xxx_, ppp_] := {xxx/ppp~ordlppp, xxx], ord[ppp, xxx]}
CharZp[xxx_, ppp_] := Iflord[ppp, xxx] >= 0, 1, 0]
psilxxx_] := E7(2 Pi I % 27stan[xxx, 2][[2]])
SubsetO0f [xxx_, yyy_] := If[Intersection[xxx, yyyl == xxx,
True, Falsel
ModifiedJacobi[xxx_, yyy_] := Module[{twoparty, resty},
If [Mod[xxx, 4] > 1 && Divides[2, yyyl,
Print [{"UNDEFINED!!", xxx, yyy}],
resty = yyy/ (2 ord[2, yyyl);
twopartJac =
If [Divides[2,
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yyyl, (If[Mod[xxx, 4] == 0, O,
If [Mod[xxx, 8] == 1, 1, -1]11)"ord[2, yyyl, 11;
JacobiSymbol [xxx, restyl]*twopartJac]]

reduce [xxx_, ppp_] := Module[{denx, numx},

denx = Denominator [xxx];

numx = Numerator [xxx];

numx*PowerMod [denx, -1, ppp]

]

1, Mod[(uuu - 1)/2, 2], Nulll;

epsiluuu_] := If[Mod[uuu, 2]

omeg[uuu_] := If[Mod[uuu, 2] 1, Mod[(uuu~2 - 1)/8, 21, Null];
Hilbert[xxx_, yyy_, ppp_] := Module[{alpha, beta, u, v, result},
alpha = ord[ppp, xxx];
beta = ord[ppp, yyyl;

If [ppp == 2,

u = reduce[xxx/(ppp~alpha), 8];

<
I

reduce [yyy/ (ppp_beta), 8],

reduce [xxx/ (ppp~alpha), pppl;

[
Il

reduce [yyy/ (ppp~beta), pppll;

<
I

result =
If [ppp ==
2, (-1)"(epsil[ul*epsilv] + alpha*omeglv] +
betaxomeg[u]), (-1)~(alpha*betaxepsi[ppp]l)*
ModifiedJacobi[u, pppl] “beta*ModifiedJacobilv, ppp] alphal;
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result
]
rhop[ppp_, ttt_] := If[ord[ppp, ttt] >= 0,
If [ModifiedJacobi[-d, ppp] == 0, 1,
Sum[(ModifiedJacobil[-d, pppl)~k, {k, 0, ord[ppp, tttl}1], O]
rho[ttt_] := If[(ttt \[Element] Integers),
Module [{divt, i},
divt = PrimeDivisors[ttt];
Product [rhop[divt[[i]], ttt], {i, 1, Length[divt]}]
1,
0]
WO0[ddd_, lis_] := Module[{res = ddd, i},

For[i = 1, i <= Length[lis],

res = res/lis[[i]] ord[1is[[i]], ddd];
i++];
res]
InL[mu_, ppp_] := ord[ppp, mul[1]]] >= 0 && ord[ppp, mul[2]]] >= 0O
chil[xxx_, ppp_] := Iflord[ppp, xxx] == 0, Hilbert[xxx, ppp, pppl, O]
Present[1i_] := Module[{i, top = "", bot = ""},

For[i = 1, i <= Length[1i],

If[1i[[i, 211 > O,

top = top. ToString[lil[[i]l],

bot

bot. ToString[1lil[[i]11]1];
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i++5]5
Print[top];
Print["--—--------————— - "1;
Print [bot];
]
ExpandLog[xx_] := Module[{fac = FactorInteger[xx]},
Sum[fac[[i, 2]]*Loglfac[[i, 1111, {i, 1, Length[facl}]];
genus [Delt_, Dee_] :=
2" (Length[PrimeDivisors [GCD[Delt, Deel]] -
If [SubsetOf [PrimeDivisors[Delt],
PrimeDivisors[Deel], 1, 0]);
Size0fZU = hk/genus[DK, DB];
qQ=2;
For[i =1, i < 1000,
Module [{pis, cond = 1},
pis = PrimeDivisors[DB];
If [Not[Mod[q, 8] == 5] || Mod[DB, q] == 0, q = NextPrimel[q],
For[j = 1, j <= Length[pis],

If[pis[[jl] == 2, If[Not[Mod[q, 8] == 5], cond = -1],

If [JacobiSymbol([q, pis[[jl]] !'= -1, cond = -1]];
j++1;
If[cond == -1, q = NextPrime[q], i = 10001];

1;]
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i++];

If [JacobiSymbol[DB, q] == 1,

m = Position[Table[Mod[i"2, ql, {i, 1, q}], Mod[DB, ql][[1, 11];

[
I

Mod [PowerMod [2*DB, -1, ql*m, ql;
mp = 2xDBx1;]
iota[{{aaa_, bbb_}, {ccc_, ddd_}}] := {{ddd, -bbb}, {-ccc, aaal}
inn[xxx_, yyy_] := FullSimplify[Tr[xxx.iotalyyyll]
Qlxxx_] := FullSimplify[inn[xxx, xxx]/2]

{{1, 0o}, {0, 1}};

(@)
Il

b = {{Sqrtlql, 0}, {0, -Sqrtlqll}};
c = {{0, DB}, {1, 0}};
bc = b.c;

beBasis [{{www_, xxx_}, {yyy_, zzz_}}] :=
FullSimplify[{(www + zzz)/
2, (www - zzz)/(2 Sqrtlql), (xxx + DB yyy)/(2DB), (xxx -

DB yyy)/(2 DB Sqrtlql)}]

el = (o + b)/2;

e2 = (mp b + bc)/q;

e3 = el.e2; L1 =
FullSimplifyl[

bcBasis[A o + (-2 A - Dmp) el + C e2 + D e3]
/. {A->-1, C >0, D-> 0}].{o, b, c, bc};
L2 = FullSimplify[
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bcBasis[A o + (-2 A - D mp) el + C e2 + D e3]

/~ {A -> o, C —> 1’ D -> O}]{O, b: c, bC}:

L3 = FullSimplifyl[
bcBasis[A o + (-2 A - D mp) el + C e2 + D e3]
/. {A >0, C->0,D->1}] .{o, b, c, bc};
L3 = (q - 1)L2/2 + L3;

LBasis[xxx_] :=
FullSimplify[
bcBasis [xxx] .{{1, 0, 0, 0}, {0, 1, O, 0}, {0, mp, -q, 2},
{0, -mp, q, 0}}]
eBasis[xxx_] := LBasis[xxx];
1i = 80;
For[i = 0, i < 1i,
IT = FullSimplify[
Reduce[(Det[A L1 + B L2 + C L3] /. {C > i}) == d,
{A, B}, Integers, Backsubstitution -> Truel];
If[IT =!= False, Ctemp = i; i = 1i + 999];
Iffi <=0, i = -i+ 1, If[i < 1i, i = -i]];
1;
Z=ALl+BL2+ Ctemp L3 /.
ToRules[Reduce[LogicalExpand [IT /. {C[1] -> 0}1[[1]1]1, {A, B},
Integers]];
{z0, z1, z2, z3} = LBasis[Z];
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e
I

k /. Solvelinn[Z, i*L1 + j*L2 + kxL3] == 0, k][[1]];

U2

Coefficient [i*XX + j*YY + kxZZ, i]
/. {XX -> L1, YY -> L2, ZZ -> L3};
Ul = Coefficient [i*XX + j*YY + kxZZ, j]
/. {XX -> L1, YY -> L2, ZZ -> L3};
Ul = U1#DB q (2 z2 + (-1 + q) z3);

U2

U2 - inn[U2, U1]/inn[U1, U1]xU1;

U2 = FullSimplifyl

U2*%(-4 mp~2 (-1 + q) q°2 z1°2 -
8 mp (DB + mp~™2 (-1 + q)) q z1 z2 +
4 (DB - mp~2) (DB + mp~2 (-1 + q)) z2°2 +
4 DB (DB + mp~2 (-1 + q)) q 22 z3 +

DB (DB + mp~2 (-1 + q)) (-1 + q) q z372)/(2 @)];

k=51=.5;]=.

alpl = DB q (2 z2 + (-1 + @ z3)/(29);

alp2 = -4 q (q z1 + mp z2)/(29);

alp3 = (-4 DB z2 + 4 mp (q z1 + mp z2) - 2 DB q z3)/(2q);
g123 = GCD[alpl, alp2, alp3];

gl2 = GCD[alpl, alp2]/g123;

g13 = GCD[alpl, alp3]/g123;

g23 = GCD[alp2, alp3]l/gl23;

If[g12 == 0, gl12 = 1];
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If [g13 == 0, g13 = 1];

If[g23 == 0, g23 = 1];

alpll = alp1l/(gl2 gi3 g123);

alp21 = alp2/(gl2 g23 g123);

alp31 = alp3/(gl3 g23 gl123);

{rr1, ssi}

ExtendedGCD[alp1l, alp31]1[[2]1];

{rr3, ss3}

ExtendedGCD[alpll gi12, -2 alpil gl2 - alp31 g23][[2]1];

Lmil

alpll gi12 L2 + alp31 g23 L3;

Lm2

gl3 L1 + ssl1 alp21 gl2 L2 - alp21 g23 rrl L3;
If [GCD[Denominator[inn[Lml, Lm2]/inn[Lm2, Lm2]],
Denominator [inn[Lmi, Lm2]/inn([Lmi, Lmi]]] > 2,
Lml = Lml + Lm2];
LmBasis[xxx_] := Module([{A, B, Zero, i, j, k, lis},
Zero = eBasis[A*Lml + B*Lm2 - xxx];
i = If[eBasis[Lm1][[2]] == O,
If[eBasis[Lm1][[3]] == 0, 4, 31, 2];

lis = Complement[{2, 3, 4}, {i}];

j = If[eBasis[Lm2] [[1is[[1]]1]] == 0, 1is[[2]], 1is[[1]]1];
k = Complement[{2, 3, 4}, {i, j}I[[11];
A=A /. Solvel[Zero[[il] == 0, AI[[1]];
B =B /. SolvelZero[[jl] == 0, BI[[1]1];

If [FullSimplify[Zero[[k]]] == 0, {A, B}, Print["Nope", {A, B}];]]
CreateOrtho[ppp_] := Module[{num, den, Ax, Bx, IT, i, j},
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OL1

.;0L2 =.;TOL =.;

den = Denominator[inn[Lml, Lm2]/inn[Lmi, Lml]];

num = Numerator[inn[Lml, Lm2]/inn[Lmi, Lmi]];

If [MemberQ [PrimeDivisors[den], ppp],

den = Denominator[inn[Lml, Lm2]/inn[Lm2, Lm2]];

num Numerator [inn[Lml, Lm2]/inn[Lm2, Lm2]];

If [MemberQ[PrimeDivisors[den], ppp]l,

Ax =.;

Bx =.;

OL1 = Lmi;

OL2 = Ax*Lml + Bx*Lm2;
i=.;3=.

IT = Q[i*0L1 + j*0L2];
Ax =
Ax /. Solve[Coefficient[IT, i j, 1] ==
Coefficient[IT, i, 2], Ax][[1]];
Bx =
Bx /. Solve[Coefficient[IT, j, 2] == Coefficient[IT, i, 2],
Bx] [[1]];
TOL = FullSimplify[{{1, -Ax/Bx}, {0, 1/Bx}}];
diag = {Coefficient[IT, i, 2], Coefficient[IT, i, 2]};,
OL1 = Lm2;

OL2

den*Lml - num*Lm2;
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TOL = {{num/den, 1}, {1/den, 0}};
diag =
Module [{i, j}, {Coefficient[Q[i*OL1 + j*0L2], i, 2],

Coefficient [Q[i*0L1 + j*0L2], j, 21}11;,

OL1 = Lmi;

0L2 = den*Lm2 - num*Lmil;

TOL = {{1, num/den}, {0, 1/den}};
diag =

Module[{i, j}, {Coefficient[Q[i*OL1 + j=*0L2], i, 2],

Coefficient [Q[i*0L1 + j=*0L2], j, 2]11}];

]
OLBasis[xxx_] := Transpose[TOL.Transpose[{LmBasis[xxx]}]]1[[1]];
epiel[iii_, ppp_] := stanldiag[[iiil], ppp];
CreateOrtho[3];
tempdiag = diag;
If [Not [PrimeDivisors[Abs[Det[TOL]]] == {2}],
pri = PrimeDivisors[Det [TOL]] [[-1]];
CreateOrtho[pril;]
LatPrimes =
PrimeDivisors[Abs[tempdiag[[1]]*tempdiag[[2]]*
diag[[1]]*diag[[2]]1]1];
diag =.;
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Te = K1xU1l + K2x%U2;
Ite = Collect[inn[Te, i*Lml + j*Lm2], {i, j}];
If[Coefficient[Ite, i K1] != 0,

K1 = K1 /. Solve[Coefficient[Ite, i] == L, K1][[11];

K2 = K2 /. Solve[Coefficient[Ite, jl ==Y, K2][[1]],

K1 = K1 /. Solve[Coefficient[Ite, j] == L, K11[[1]];

K2 = K2 /. Solve[Coefficient[Ite, i] ==Y, K2][[1]11];
{K1, K23};

TeB = eBasis[Te];

TeBY = TeB /. {Y -> 1, L -> 0};
TeBL = TeB /. {L -> 1, Y -> 0};
mvBasis =

Developer ‘HermiteNormalForm[{{TeBY[[2]], TeBY[[3]],

TeBY[[4]11}, {TeBL[[2]], TeBL[[3]], TeBL[[411}}]1[[2]];

Lmvl = (mvBasis[[1]].{{L1}, {L2}, {L3}})[[11];
Lmv2 = (mvBasis[[2]].{{L1}, {L2}, {L3}}) [[1]];
Zv = Z/(24);

RelMat = {LBasis[Z][[{2, 3, 4}]], LBasis[Lmi][[{2, 3, 4}1],
LBasis[Lm2] [[{2, 3, 4}11};

CosetRep[RM_] := Module[{SS, UU, VV},
{ss, {UU, VV}} = IntegerSmithForm[RM];
VV = Inversel[VV];
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If [Abs[SS[[3, 3]]] == Abs[Det[RM]], Cycl = 1;
VV[[3, 111%L1 + VV[[3, 2]11*L2 + VV[[3, 3]]1xL3,
Cycl = 0;
{{vv[[3, 1]11*L1 + VV[[3, 2]]*L2 + VV[[3, 3]1xL3, SS[[3, 311},
{vvl[2, 111*L1 + VvV[[2, 2]1*L2 + VV[[2, 3]1]%L3, SS[[2, 211},
{Vv[l[1, 111#L1 + VV[[1, 2]1*L2 + VV[[1, 3]11*L3, SS[[1, 111}}]
1;
CosRep = CosetRep[RelMat] ;
i=.;
inn[ixZv, Z] == i;
LamLim = Abs[Det[RelMat]];
lam[nnn_] :=
If [Length[CosRep] == 2, nnn*CosRep,
Floor [nnn/(CosRep[[1, 2]1*CosRep[[2, 2]11)]+L1 +
Floor [Mod [nnn,
(CosRep[[1, 2]1*CosRep[[2, 2]11)]1/(CosRep[[1, 2]11)1*L2 +
Mod [nnn, CosRep[[1, 2]]1]%L3];

plus[xxx_] := inn[xxx, Z]/inn[Z, Z]*Z

minus [xxx_] := xxx - plus[xxx]
lamplus[nnn_] := plus[lam[nnn]]
lamminus [nnn_] := minus[lam[nnn]]

ModL[xxx_] := Module[{bas},

bas = Mod[eBasis[xxx], 1];
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bas[[1]]*0o + bas[[2]]*c + bas[[3]]*bc + bas[[4]]xel
EtaPlus[eta_] := plus[ModL[eta]l
EtaMinus[eta_] := minus[ModL[eta]l]
kappalist[eta_, mmm_, 1lim_] :=
Module[{QvalP, QvalM, top, X, last, etam, etap, lamp, lamm, n, i,
templist = {}},
etap = EtaPlus[etal;
etam = EtaMinus([etal;

For[n = 0, n < LamLim,

lamp = lamplus[n];

lamm = lamminus[n];
top = Round[X /. Solve[D[Q[lamp + etap + X*Z], X] == 0,
X1[[111]1;
For[i = 0, i <= lim,
QvalP = mmm - Q[lamp + etap + (top + (1 + 1i))*Z];
If[QvalP >= 0 ,
templist = Append[templist,
{QvalP, (lamm + etam), n, (top + (1 + i))1}];
1;
QualM = mmm - Q[lamp + etap + (top - i)*Z];
If[QvalM >= 0 ,
templist = Append[templist,

{QvalM, (lamm + etam), n, (top - 1i)1}];

102



1;
If[QvalM < O && QvalP < 0, i = lim];
i++];
n++] ;
templist]

Hmu[mu_, ppp_] := Module[{res = {}},

If [CharZp[mul[[1]], ppp] == 1, res = Append[res, 1]];

If [CharZp[mu[[2]], ppp] == 1, res = Append[res, 2]];
res]
Kmu[mu_, ppp_] :=
If [CharZp[mu[[1]], ppp] == 1 && CharZp[mu[[2]], pppl == 1,
Infinity,
Module [{nothmu, i},
nothmu = Complement [{1, 2}, Hmu[mu, pppl];
Min[
Table[epiel [nothmu[[i]], pppl [[2]] +
ord[ppp, mul[nothmu[[i]1]]1]1],
{i, 1, Length[nothmu]}1]1]1]
Lmu[mu_, kkk_, ppp_] := Module[{it, h, i, res = {}},
h = Hmu[mu, ppp]l;
For[i = 1, i <= Length[h],
it = epiel[h[[il], pppl [[2]] - kkk;

If[it < O && Mod[it, 2] == 1, res = Append[res, h[[i]l]]];
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i++];

res]

Imu[mu_, kkk_, ppp_] Length [Lmu[mu, kkk, pppll

dmu[mu_, kkk_, ppp_]
kkk + (1/2)%
Sum[Min[{epiel [Hmu[mu, ppp] [[i]1], pppl [[2]] - kkk, 0}], {i, 1,
Length [Hmu [mu, pppll}]
epimu[mu_, kkk_, ppp_] :=
Hilbert[-1, ppp, pppl "IntegerPart[lmu[mu, kkk, pppl/2]*
Module[{1i, i},
1i = Lmu[mu, kkk, pppl;
Product [
Hilbert[epiel[1i[[i]], ppp] [[11], ppp, ppp].
{i, 1, Length[1i]}]]
tmu[mu_, mmm_, ppp_] := Module[{nothmu, res = 0, ep, i},
nothmu = Complement[{1, 2}, Hmul[mu, pppl];

For[i = 1, i <= Length[nothmu],

res = res + diag[[nothmu[[i]l]]]*mul[nothmu[[i]]]]"2;
i++];
mmm - res]
aye[mu_, mmm_, ppp_] := ord[ppp, tmul[mu, mmm, pppl]
fi[mu_, mmm_, ppp_] :=

If [Mod[1lmul[mu, ord[ppp, mmm] + 1, pppl, 2] == 0, -1/ppp,
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Hilbert [stan[mmm, pppl [[1]], ppp, pppl/Sqrt[pppl]
det2S[ppp_] := ppp~ (-ord[ppp, 4*diagl[1]]*diagl[[2]1]11/2)
Lp[lppp_, XXX_] := (1 -

If [Divides[ppp, DK], O, Hilbert[ppp, -DK, pppl]*XXX/ppp)~(-1)
Wmp [mmm_, ppp_, mu_, XXX_] := Modulel[{},

CreateOrtho [ppp] ;

nmu = OLBasis[mu];

If [ppp == 2, Wm2[mmm, nmu, XXX],

det2S [pppl*Lp [ppp, XXX]=*
If [aye[nmu, mmm, ppp] >= Kmu[nmu, ppp]l,
Expand[(1 + (1 - 1/ppp)*
Sum[If [Mod[1lmu[nmu, k, pppl, 2] == 0,
epimu[nmu, k, pppl*ppp dmul[nmu, k, pppl*
XXX"k, 0],
{k, 1, Kmu[nmu, pppl}1)],
If [aye [nmu, mmm, pppl >= O,
Expand[(1 + (1 - 1/ppp)*
Sum[If [Mod[1lmu[nmu, k, pppl, 2] == 0,
epimu[nmu, k, pppl*ppp dmul[nmu, k, pppl*
XXX"k, 0],
{k, 1, aye[nmu, mmm, pppl}] +
epimu[nmu, aye[nmu, mmm, ppp] + 1, pppl*

f1[omu, tmulnmu, mmm, pppl, pppl*
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ppp dmu[nmu, aye[nmu, mmm, ppp] + 1, pppl*
XXX~ (aye [nmu, mmm, ppp]l + 1))1, 1111
]
WmpO [mmm_, ppp_, mu_] := Wmp[mmm, ppp, mu, 1]
DWmpO [mmm_, ppp_, mu_] := Module[{sss},
If (WmpO [mmm, ppp, mul == 0,
D [Wmp [mmm, ppp, mu, ppp~(-sss)], sss] /. {sss -> 0}]]

ord2[mu_] :

Min[{ord[2, mu[[2]]], ord[2, mul[[1]1]1]13}]

Nmu2[mu_] := If[InL[mu, 2], {1}, {}]

dmu2 [mu_, kkk_] :=
kkk + Sum[Min[ord[2, diag[[1]]] - kkk, 0], {i, 1, Length[Nmu[mul]}]
pmu2[mu_, kkk_] := (-1)"Sum[ord[2, diag[[1]]] - kKk,
{i, 1, Length[Nmu([mul]}]
tmu2[mu_, mmm_] := If[InL[mu, 2], mmm, O]

numu2 [mu_, mmm_, kkk_] := tmu2[mu, mmm]*2~(3 - kkk)

aye2[mu_, mmm_] := ord[2, tmu2[mu, mmm]]

Kmu2 [mu_, mmm_] :
If[InL[mu, 2], aye2[mu, mmm] + 4, ord[2, diag[[1]]] + ord2[mu]]
dmu2d [mu_, kkk_] :=
kkk + (1/2)%
Sum[Min[{epiel [Hmu[mu, 2] [[il], 21 [[2]] - kkk + 1, 0}], {i, 1,
Length [Hmu [mu, 2]]}]
epimu2[mu_, kkk_] := Module[{1li, i},
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1i = Lmu[mu, kkk - 1, 2];

Product [epiel[1i[[i]], 2] [[1]], {i, 1, Length[1i]}]]
deltamu2[mu_, kkk_] := Module[{tem},

tem =

Product [epiel [Hmu[mu, 2] [[i]], 2] [[2]] - kkk + 1, {i,
Length [Hmu [mu, 2]13}]1;

If(tem == 0, 0, 111
tmu2d[mu_, mmm_] := Module[{nothmu, res = 0, ep, i},

nothmu = Complement [{1, 2}, Hmu[mu, 2]];

For[i = 1, i <= Length[nothmu],

res = res + diag[[nothmu[[i]]]1]*mu[[nothmu[[i]1]1]1]1"2;
i++];
mmm - res]
numu2d [mu_, mmm_, kkk_] :=
tmu2d [mu, mmm]*2°(3 - kkk) -
Sum[If [epiel [Hmu[mu, 2] [[i]], 2] [[2]] < kkk - 1,

epiel [Hmu[mu, 2]1[[il1], 21([[11], O],

{i, 1, Length[Hmu[mu, 2]]1}]

aye2d[mu_, mmm_] ord[2, tmu2d[mu, mmm]]

Kmu2d [mu_, mmm_] If [InL[mu, 2], aye2d[mu, mmm] + 30,
Module[{i, 1lis = {}},
For[i =1, i <= 2,

If [ord[2, mu[[i]]] < -1,
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lis = Append[lis, epielli, 2] [[2]] + ord[2, mu[[i]]] + 11];
If[ord[2, mul[[i]]] == -1,
lis = Append[lis, epielli, 2]1[[2]] + 111;
i++];
Min[lis]]1]
Wm2 [mmm_, mu_, XXX_] := Module[{iji, jij},
If [Coefficient[Q[iji OL1 + jij OL2], iji jij, 11 == 0,
(*Diagonal Formulax)
Lp[2, XXX]*
det25[2]*(1 +
Sum[If [Mod[lmu[mu, k - 1, 2], 2] == O,
deltamu2[mu, k]*2~ (dmu2d[mu, k] - 1)*
chi[epimu2[mu, k], 2]*
psi[numu2d [mu, mmm, k]/8]%
CharZp [numu2d [mu, mmm, k]/4, 2]
XXX"k, deltamu2[mu, k]*2~ (dmu2d[mu, k] - 3/2)*
chilepimu2[mu, k]*numu2d[mu, mmm, k], 2]*XXX"k],
{k, 1, Kmu2d[mu, mmm]}]),
(*Mixed Formulax)
Lp[2, XXX]#*2"(-ord[2, diag[[1]]1°2]/2)*(1 +
Sum [pmu2 [mu, k]*2~ (dmu2[mu, k] - 1)*
psi[numu2 [mu, mmm, k]/8]=*

CharZp [numu2 [mu, mmm, k]/4, 2]*XXX"k,
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{k, 1, Kmu2[mu, mmm]}])
1]
Wm20 [mmm_, mu_] := Module[{XX}, Wm2[mmm, mu, XX] /. {XX -> 1}]
DWm20 [mmm_, mu_] := Module[{sss},
If [(Wm20 [mmm, mu] == 0, D[Wm2[mmm, mu, 2~ (-sss)], sss]
/. {sss -> 0}]1]
ListKappalkap_] :=
For[iii = 1, iii <= Lengthl[kap],
Print [{kap[[iii, 1]], eBasis[kap[[iii, 2]1]1],
OLBasis[kap[[iii, 2]]], {Wm20([kap[[iii, 1]],
OLBasis[kap[[iii, 2]1]11],
DWm20 [kap[[iii, 1]], OLBasis[kap[[iii, 211113,
Table [{WmpO[kap[[iii, 111, SpecialPrimes[[il],
OLBasis[kap[[iii, 2]]1],
DWmpO [kap[[iii, 1]], SpecialPrimes[[il],
OLBasis[kap[[iii, 21111},
{i, 1, Length[SpecialPrimes]}]}];
iii++]
NeededPrimes [mmm_] :=
Union[Union[PrimeDivisors[Abs[mmm]], LatPrimes], {23}]
Wlmmm_, mu_, sss_] :=

Product [Wmp [mmm, NeededPrimes[mmm] [[i]], mu,

NeededPrimes [mmm] [[i]]~(-sss)],
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{i, 1, Length[NeededPrimes [mmm]]}]
SumKappa[kap_] :=
Expand [Sum [
Module [{ss},
If[kap[[i, 1]] == 0,
INFINITY, -2*#DK"((ss + 1)/2)/hk*
D[W[kap[[i, 111, kap[[i, 211, ss], ss]

/. {ss => 0}]], {i, 1, Length[kap]}]]

Print["d = ", dJ;
Print["Class Number = ", hk];
Print["Z = ", eBasis[Z]];
Print[""];

Print["Basis of Negative Plane:"];

Print["Ul = ", eBasis[U1l]];

Print["U2 = ", eBasis[U2]];

X = Y=;

Print["Quadratic Form: ", Q[X Ul + Y U2]]; Print[""];

Print["Basis of Lattice over integers:"]

Print["Lml = ", eBasis[Lmi1]];

Print["Lm2 = ", eBasis[Lm2]];

X =5 Y=;

Print["Quadratic Form over this basis: ", Q[X Lml + Y Lm2]];
Print[""];
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CreateOrtho[3];
If [Det[TOL] !'= 1,
CreateOrtho[2];
Print["Basis over the 2-adics:"];
Print["Lmi1_2 = ", LmBasis[OL1][[1]], "*Lml + ",
LmBasis[OL1] [[2]], "#Lm2"];
Print["Lm2_2 = ", LmBasis[OL2][[1]], "*Lml + ",
LmBasis[0L2] [[2]], "*Lm2"];
Print["Quadratic Form: ", Q[X OL1 + Y 0L2]]; Print[""];
CreateOrtho[3];
fc = PrimeDivisors[Det[TOL]];
If [fc == {2},
Print["Basis over p-adics for all other p:"];
Print["Lml_p = ", LmBasis[OL1][[1]], "*Lml + ",
LmBasis[0L1] [[2]], "#Lm2"];
Print["Lm2_p = ", LmBasis[0OL2] [[1]], "*Lml + ",
LmBasis[0L2] [[2]], "*Lm2"];
Print["Quadratic Form: ", Q[X OL1 + Y 0L2]]; Print([""];,
Print["Basis over p-adics for p NOT in ", fc, ":"];
Print["Lml_p = ", LmBasis[OL1][[1]], "*Lml + ",
LmBasis[OL1] [[2]], "*Lm2"];
Print["Lm2_p = ", LmBasis[OL2] [[1]], "*Lml + ",
LmBasis[0L2] [[2]], "#Lm2"];
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Print["Quadratic Form: ", Q[X OL1 + Y 0OL2]]; Print[""];
CreateOrtho[fc[[-1]1]1];
Print["Basis over p-adics for p in ", Complement[fc, {2}], ":"];
Print["Lml_p = ", LmBasis[OL1] [[1]], "*Lml + ",
LmBasis[0L1] [[2]], "#Lm2"];
Print["Lm2_p = ", LmBasis[0OL2] [[1]], "*Lml + ",
LmBasis[0L2] [[2]], "#Lm2"];
Print["Quadratic Form: ", Q[X OL1 + Y 0L2]]; Print([""];]]
If [Length[CosRep] == 2,
Print["L/(L- + L+) generated by lam = ", eBasis[lam[1]]];
Print["and is cyclic of order ", LamLim];
Print["lam- = ", LmBasis[lamminus[1]][[1]], "*Lml + ",
LmBasis[lamminus[1]] [[2]], "*Lm2"];

Print["lam+ = ", inn[lamplus[1], Z]/inn[Z, Z], "%Z"];]

k2 = kappalist[0*o, Ds2, 100];
k3 = kappalist[0*o, Ds3, 100];
kp = k2;

Print ["TABLE 1:"];
Print [Prepend[
Table[{kp[[i, 3]], (inn[lamplus(kp[[i, 3]1], Z]/inn[Z, Z] +
kp[[i, 411)"Z",
kp[[i, 111, -2#DK~((ss + 1)/2)/hk*
D[Wlkp[[i, 111, kp[[i, 211, ss], ss] /. {ss -> 0}},
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{i, 1, Length[kp]}],
{"i", "x", ToString[Ds2] <> "-Q[x]", "k_u(m)"}] //TableForml;
kp = k3;
Print ["TABLE 2:"];
Print [Prepend[
Table[{kp[[i, 3]], (inn[lamplus[kpl[i, 3111, Z]/inn[Z, Z] +
kp[[i, 411)"zZ",
kpl[[i, 111, -2#DK"((ss + 1)/2)/hk*
D[Wlkpl[[i, 111, kpl[i, 2]], ss], ss] /. {ss => 0}},
{i, 1, Length[kp]l}],

{"i", "x", ToString[Ds3] <> "-Q[x]", "k_u(m)"}] //TableForm];

Leg = {npu’ "u1", nu2n, r|w~*_{m,p}(s,u)||’ uw**_{m,p}(o’u)n,
"d/ds W *_{m,p}(0,u)"};
kp = k2;

Print ["TABLE 3:"];

For[il = 1, il <= Lengthl[kp],
pr = NeededPrimes[kp[[il, 1]1];
Print["For u = ", LmBasis[kp[[il, 2]]11[[1]], "*Lmi+",

LmBasis[kp[[i1, 2]11]1[[2]1],
"sLm2 = ul*Lml_p+u2+Lm2_p and m = ", kp[[il, 111];
Tb = Table[{pr[[j1]], CreateOrtholpr[[j1]]1];
OLBasis[kp[[i1l, 2]111[[1]],
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OLBasis[kp[[il, 2]]1]1[[2]],
Simplify[Wmp[kp[[i1, 111, pr[[j11], kplli1, 211, X11,
Simplify[Wmp(kp[[i1, 111, prl[j11], kp[[il, 211, X]
/. {X -> 1}]1,
If [Simplifyl[
wmp [kp[[il, 111, prl[j1]], kpllil, 2]], XI]
/. {X -> 1}] == 0,
Simplify[
D[Wmp[kpl[[il, 111, pr[[j11], kpl[[i1, 211,
pri(j111°(-X)1, X1 /. {X -> 0}], ""1},
{j1, 1, Length[prl}];
Print [Prepend[Tb, Leg] // TableForm];
Print ["Thus k_u(", kp[[il, 111,
") =", -2«DK"((ss + 1)/2)/hkx
D[Wlkp[[i1, 111, kpl[[i1, 211, ssl, ss] /. {ss -> 0}];
Print[""];
i1+4+];
tk2 = SumKappal[k2];
Print["Summing these gives: kappa_0(", Ds2, ") = ", tk2]
Print[""]; Print[""];
kp = k3;
Print ["TABLE 4:"];
For[il = 1, il <= Length[kp],
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pr = NeededPrimes[kp[[il, 1]117;
Print["For u = ", LmBasis[kp[[i1, 2]11[[1]], "*Lmi+",
LmBasis[kp[[il, 2]1][[2]],
"sLm2 = ul*Lml_p+u2+Lm2_p and m = ",
kp[[il, 111];
Tb = Table[{pr[[j1]], CreateOrthol[pr[[j1]11];
OLBasis[kp[[i1, 2]1][[1]],
OLBasis[kp[[i1l, 2]1]1[[2]],
Simplify[Wmp[kp[[il, 11], pr([j1]], kpl[[i1, 211, XI],
Simplify[Wmp[kp[[i1, 111, pr[[j11], kpl[li1, 211, X]
/. X -> 131,
If [Simplify[
Wmp [kp[[il, 111, prl([j1]1], kpl[[i1, 2]], X]
/. {X > 1}] == 0,
Simplify[
D[Wmp[kp[[il, 111, pr[[j11], kpl[[itl, 211,
pri(j1]11~(-X)1, XI /. {X -> 0}], ""1},
{j1, 1, Length[pr]}];
Print [Prepend[Tb, Leg] // TableForm];
Print ["Thus k_u(", kp[[il, 117,
") =", (-2«DK"((ss + 1)/2)/hkx
DIW[kp[[il, 111, kpl[[i1l, 211, ss], ssl) /. {ss —> 03}];
Print[""];
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i1++];
tk3 = SumKappa[k3];
Print["Summing these gives: kappa_0(", Ds3, ") =", tk3]
Print[""]; Print[""];

Print["To Recap:"];

Print["kappa_0(", Ds2, ") = ", tk2];
Print["kappa_0(", Ds3, ") = ", tk3];
Print["Ideal Class Number: ", hk];
Print["Field Discriminant: ", DK];
Print["Normalizing Constant: C2 = ", c2];

cl = -Size0fZU/2" (Length[PrimeDivisors[DB]]);

Print["Final Result:"];

FinRes = Expand[cl*(tk3c*tk3 + tk2c*tk2) - Size0fZUxExpandLog[c2]];
Print[cl, "*(", tk2c, "xkappa_0(", Ds2, ")+",

tk3c, "xkappa_0(", Ds3, "))-", Size0fZU, "*Log[C2]= ", FinRes];

d=13
Class Number = 2

Z = {0,93, 5,0}
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Basis of Negative Plane:
Ul = {0,0,—1300, 8840}
U2 = {0, 20220200, —1094340, 162240}

Quadratic Form: — 5257252000 (X2 + 13Y?)

Basis of Lattice over integers:
Lml = {0,5,4,—29}
Lm2 = {0,5,9, —63}

Quadratic Form over this basis: — 5 (11347X? + 49264 XY + 53471Y?)

Basis over the 2-adics:
Lml1_2 = 1*Lml + 0*Lm2
Lm2.2 = — 24632*Lm1 + 11347*Lm?2

Quadratic Form: — 56735 (X% + 13Y?)

Basis over p-adics for p NOT in {7,1621} :
Lml_p = 1*Lm1 + 0*Lm2
Lm2_p = —24632*Lm1 + 11347*Lm2

Quadratic Form: — 56735 (X2 + 13Y?)

Basis over p-adics for p in {7,1621} :
Lml_p = 0*Lm1 + 1*Lm2
Lm2_p = 53471*Lm1 + — 24632*Lm?2
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Quadratic Form: — 267355 (X? 4 13Y?)

L/(L- 4+ L+) generated by lam = {0,0,0,1}

and is cyclic of order 13

lam- = %*Lml + — %*LmQ
2

lam+ = — £%7

TABLE 1:

i 3-Q[x] k.u(m)

0 0 3 0
2 % 5 —4logl?]
3 % &% —2Logf]
4 £ =B 0
6 % 2 0
7 % 3 0
9 - = 0
10 -3 2% —2Log|3]
1 -5 5 —dlog[?]
T e
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TABLE 2:
i 2-Q[x] k.u(m)

0 0 2 0

4 % % —3Log|[2]
5 52 1 Loz
s g g
9 -¥% 3 —3Log[2]
10 % & e
A
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TABLE 3:

For u = 0*Lm1+0*Lm2 = ul*Lml_p+u2*Lm2_p and m = 3
p ul u2 W {mp}(su) W {mp}Ou) d/ds W** {mp}0,u)

2 0 0 3(1-X? 0 Log|[2]
3 0 0 1-X 0 Log[3]
1-X Log[5]
50 0 kX 0 :
7 0 0 1 1
11 0 0 1 1
14X 2
13 0 0 i3 Wik
1621 0 0 1 1
481 0 0 1 1

Thus ku(3) =0

For u = %*Lml%— — %*Lnﬁ = ul*Lml_p+u2*Lm2.p and m = 38

13
pooul w2 WM {mph(sm) WA {mp}(0m) d/ds W {m,p}(0,u)
170 397 1
2 11347 147511 2 (1 + XS) 1
170 397 1-X Log|5]
5 11347 147511 5+X 0 g
369 862
7 53471 695123 1 1
170 397
11 11347 147511 1 1
13 170 397 1 1
11347 147511 /13 V13
170 397
19 11347 147511 1+ X 2
369 862
1621 53471 695123 1 1
170 397
4861 11347 147511 1 1
38\ 2Log[5]
Thus ku(s;) = — ==
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For u = %*Lml—l— — %*Lm? = ul*Lml_p+u2*Lm2.p and m = 32

13
p ul  u2 WA {m,p}(s,n) W {mp}(0u) d/ds W {m,p}(0,u)
340 794 1
2 11347 147511 2 (1-X?) 0 Log|[2]
5 340 794 144X+ X2 1
11347 147511 5+ X
738 1724
7 53471 695123 1+ X 2
340 794
11 11347 147511 1 1
13 G20 a1 L
11347 147511 /13 V13
1621 738 1724 1 1

53471 695123

340 794
4861 11347 147511 1 1
Thus ku(32) = — 4Log|2]

For u = £5*Lml+4 — 33*Lm2 = ul*Lm1_p+u2*Lm2_p and m = 33

13
pooul w2 WM {mp(sw) WA {mp}(0m) d/ds W {m,p}(0,u)
510 1191 1
2 11347 147511 2 (1 + XS) 1
510 1191
3 347 T L X 0 Log|[3]
5 510 1191 144X 4+X2 1
11347 147511 54+X
1107 2536
7 53471 695123 1 1
510 1191
11 11347 147511 1 1
13 510 1191 1 1
11347 147511 /13 V13
1621 1107 2586 1 1

53471 695123

510 1191
4861 11347 147511 1 1
Thus ku(%3) = — 2Log[3]
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For u = %*Lml—l— — 1588 m2 = ul*Lml_p+u2*Lm2.p and m =

p

2

11

13

23

1621

4861

13

W {m,p}(s,u) W {m,p}(0u) d/ds W {m,p}(0,u)

ul u2

680 1588 1 (1 _ 2
11347 147511 2 (I-X%)
680 1588 1-X

11347 147511 5+X

1476 3448 1

53471 695123

680 _ 1588

11347 147511

680 1588 1

11347 147511 /13

680 1588 o

11347 g 1= X
1476 3448 1

53471 695123

680 _ 1588

11347 147511

Thus ku(2) =0

0

Log[23]

For u = BI0*Lm1+4 — 28+ m2 = ul*Lml_p+u2*Lm2.p and m =

p

2

11
13
1621

4861
Thus ku(33) =

WA {mp}(s) W {mp}(0u) d/ds W {m,p}(0.u)

ul u2

850 _ 1985 1 3
11347 147511 2 (1 + X )
850 1985 1-X

11347 147511 54X

1845 4310

53471 695123 1 + X

850 1985 1

11347 147511

850 _ 1985 1

11347 147511 V13

1845 4310 1

53471 695123

850 1985

11347 147511

__ 2Log[5]
3

1
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For u = %*Lml—l— — %*LmZ = ul*Lml_p+u2*Lm2.p and m = =3

13

p ul  u2 WA {m,p}(s,n) W {mp}(0u) d/ds W {m,p}(0,u)
1020 2382 1 2

2 11347 147511 2 (1—X7) 0 Log|[2]
1020 2382

3 11347 147511 1-X 0 Log|3]

5 1020 2382 1-X 0 Log]5]
11347 147511  5+X 6
2214 5172

7 53471 695123 1 1
1020 2382

11 11347 147511 1 1

13 1020 2382 1 1
11347 147511 /13 V13
2214 5172

1621 53471 695123 1 1
1020 2382

4861 11347 147511 1 1

Thus ku() =0

For u = 934*Lm1+4 — 22*Lm2 = ul*Lm1_p+u2*Lm2_p and m = <

P ul
170
2 1621
170
3 1621
170
5 1621
2583
7 53471
170
11 1621
170
13 1621
2583
1621 53
170
4861 557

u2

397
21073

397
21073

397
21073

6034
695123

397
21073

397
21073

6034
695123

397
21073

Thus ku(Z) =0

13

W {m,p}(s,u) W {m,p}(0u) d/ds W {m,p}(0,u)

5 (1—X7) 0 Log|2]
1-X 0 Log|[3]
1-X Log|5]
5T 0 =
1 1

1 1

1 1

V13 V13

1 1

1 1
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For u = %*Lml—l— — %*LmZ = ul*Lml_p+u2*Lm2.p and m = i

13
p ul  u2 WA {m,p}(s,n) W {mp}(0u) d/ds W {m,p}(0,u)
1360 3176 1
2 11347 147511 2 (1 + XS) 1
5 1360 3176 1-X 0 Log(5]
11347 147511 5+X 6
2952 6896
7 53471 695123 1+ X 2
1360 3176
11 11347 147511 1 1
13 6o 316 L 1
11347 147511 /13 Vi3
1621 2952 6896 1 1

53471 695123

1360 3176
4861 11347 147511 1 1
Thus k,u(%) = — —ZL%gm

For u = %*Lml—l— — %*LmZ = ul*Lml_p+u2*Lm2.p and m = 2

13
p ul  u2 WA {m,p}(s,n) W {mp}(Ou) d/ds W {m,p}(0,u)
1530 3573 1
2 11347 147511 2 (1-X?) 0 Log|[2]
5 1530 3573 1-X 0 Log]5]
11347 147511 51X 6
3321 7758
7 53471 695123 1 1
1530 3573
11 11347 147511 1 1
13 1530 3573 1 1
11347 147511 /13 Vi3
1530 3573
23 Tsr T Tasg Lo X 0 Log[23]
3321 7758
1621 53471 695123 1 1
4861 1530 3573 1 1

11347 147511
23y _
Thus ku(3z) =0
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For u = %*Lml—l— — %*LmZ = ul*Lml_p+u2*Lm2.p and m = 32

13
p ul  u2 WA {m,p}(s,n) W {mp}(0u) d/ds W {m,p}(0,u)
1700 3970 1 3
2 11347 147511 2 (1 +X ) 1
1700 3970
3 11347 147511 1-X 0 Log|3]
5 1700 3970 144X+X?2 1
11347 147511 54+X
3690 8620
7 53471 695123 1 1
1700 3970
11 11347 147511 1 1
13 1700 3970 1 1
11347 147511 /13 V13
1621 3690 8620 1 1

53471 695123

1700 3970
4861 11347 147511 1 1
Thus ku(%3) = — 2Log[3]

For u = 22*¥Lm1+4 — 8%+ m2 = ul*Lml_p+u2*Lm2_p and m = 22

13
pooul w2 WM fmph(sm) W {mp}(0m) d/ds W {m,p}(0,u)
1870 4367 1
2 11347 147511 2 (1- X2> 0 Log|2]
5 1870 4367 144X 4+X2 1
11347 147511 54+X
369 862
7 4861 63193 1+ X 2
1870 4367
11 11347 147511 1 1
13 1870 4367 1 1
11347 147511 /13 V13
369 862
1621 4861 63193 1 1
1870 4367
4861 11347 147511 1 1
Thus ku(2) = — 4Log[2]
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For u = %*Lml—i— — %*Lm? = ul*Lml_p+u2*Lm2_p and m = £

13
p ul  u2 WA {m,p}(s,n) W {mp}(0u) d/ds W {m,p}(0,u)
2040 4764 1
2 11347 147511 2 (1 + XS) 1
5 2040 4764 1—X 0 Log(5]
11347 147511 5+X 6
4428 10344
7 53471 695123 1 1
2040 4764
11 11347 147511 1 1
13 2040 4r6d L 1
11347 147511 /13 Vi3
2040 4764
19 11347 147511 1+ X 2
4428 10344
1621 53471 695123 1 1
2040 4764
4861 11347 147511 1 1
2Log[5
Thus ku(%) = — —3g[ ]
Summing these gives: kappa-0(3) = — 8Log[2] — 4Log[3] — %ng[5]
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TABLE 4:

For u = 0*Lm1+0*Lm2 = ul*Lml_p+u2*Lm2_p and m = 2
p ul u2 W {mp}(su) W {mp}Ou) d/ds W** {mp}0,u)

2 0 0 L(-x?¥ 0 SLogl?
5 0 0 = 0 Logis]
70 0 1 1
11 0 0 1 1
13 0 0 -4 0 Loglis
1621 0 0 1 1
481 0 0 1 1

Thus ku(2) =0

For u = %*Lml%— — %*Lnﬁ = ul*Lml_p+u2*Lm2.p and m = 2

13
pooul w2 WA {mplsu) WA {mp}(0u) d/ds W {m,p}(0)
170 397 1 2
2 11347 147511 2 (1 +X ) 1
5 170 397 144X-4X2-X3 0 7Log[5]
11347 147511 54+X 6
369 362
7 53471 695123 1 1
170 397
11 11347 147511 1 1
13 170 397 1 1
11347 147511 /13 V13
1621 2% S2- 1 1

53471 695123

170 397
4861 11347 147511 1 1
Thus ku(®) = — —7L%g[5]
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_ 1724 794 _ _ 22
For u = “z**Lml+ — £3*Lm2 = ul*Lml_p+u2*Lm2_p and m =

p

2

11

13

1621

4861

Thus ku(3) =

For u = %*Lml—l— — %*LmQ = ul*Lml_p+u2*Lm2_p and m = 7

p

2

11

13

17

1621

4861

Thus ku(35) =

13

Ak Ak Ak
ul  u2 WA {m,p}(s,u) W {m,p}(0,u) d/ds W** {m,p}(0,u)
340 794 1 3
11347 147511 2 (1+X7) 1
340 794 1-X 0 Log(5]
11347 147511  B5+X 6
738 1724 1 1
53471 695123
340 794
11347 s LT X 2
340 794 1 1
11347 147511 /13 V13
738 1724 1 1
53471 695123
340 _ 194 1
11347 147511

__ 2Log[5]

13

ul  u2 WA {m,p}(s,u) W {m,p}(0,u) d/ds W™ {m,p}(0,u)
510 1191 1 2

11347 147511 2 (1 +X ) 1

510 1191  1—X 0 Log|5]
11347 147511  54+X 6
1107 2586 1 1

53471 695123

510 1191 4 1

11347 147511

510 1191 1 1

11347 147511 /13 V13

510 1191

11347 147511 1+ X 2

1107 2586 1 1
53471 695123

510 _ 1191 4 1

11347 147511

_ 2Log[5]
3
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_ 3448 1588 _ _ 10
For u = *3°*Lm1+ — 37" Lm2 = ul*Lml_p+u2*Lm2_p and m = {3

13
p ul 2 WA {m,p}(s,u) W {m,p}(0,u) d/ds W** {m,p}(0,u)
680 1588 1 3 3Log[2]
2 11347 147511 2 <1 - X ) 0 2g
5 680 1588  1+4X+X> 1
11347 147511 5+X
1476 3448
7 53471 695123 1 1
680 1588
11 11347 147511 1 1
13 680 1588 1 1
11347 147511 /13 V13
1621 1476 3448 1 1

53471 695123

680 1588
4861 11347 147511 1 1
Thus k-u(13) = — 3Log[2]

For u = %*Lml—l— — %*LmZ = ul*Lml_p+u2*Lm2.p and m = %

13
p ul  u2 WM {m,p}(s,n) W {mp}(0u) d/ds W {m,p}(0,u)
850 1985 1 2
2 11347 147511 2 (1 +X ) 1
5 850 1985  1-X 0 Log[5]
11347 147511 54X 6
1845 4310
7 53471 695123 1 1
850 1985
11 11347 147511 1 1
13 850 1985 1 1
11347 147511 /13 V13
1621 1845 4310 1 1

53471 695123

850 1985
4861 11347 147511 1 1
Thus k,u(1—13) = — —L°§[5]
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_ 6896 3176 _ _ 1
For u = *3**Lml+ — 5£2*Lm2 = ul*Lml_p+u2*Lm2_p and m =

p

2

11

13

1621

4861

Thus ku(f) =

For u = %*Lml—l— — %Z’S*LmQ = ul*Lm1_p+u2*Lm2.p and m = ¥

p

2

11

13

1621

4861

Thus k_u({3) =

13

Ak Ak Ak
ul  u2 WA {m,p}(s,u) W {m,p}(0,u) d/ds W** {m,p}(0,u)
1360 3176 1 2
11347 147511 2 (1+X7) 1
1360 3176 1-X 0 Log(5]

11347 147511  B5+X 6
2052 6896 1 1
53471 695123
1360 _ 3176 | 1
11347 147511
1360 3176 1 1
11347 147511 /13 V13
2052 6896 1 1
53471 695123
1360 _ 3176 | 1
11347 147511
_ Log[5]
3

13

Ak Ak Ak
ul  u2 W {m,p}(s,u) W {m,p}(0u) d/ds W**_{m,p}(0,u)
1530 3573 1/(7 _ v3 3Log|2]
11347 147511 2 (1-X%) 0 2
1530 _ 3573 144X4X2 1
11347 147511 5+X
3321 7758 1 1
53471 695123
1580 3573 4 1
11347 147511
1530 3573 1 1
11347 147511 /13 V13
3321 7758 1 1
53471 695123
1580 3573 4 1
11347 147511
— 3Log|2]
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For u = %*Lml—l— — %*LmZ = ul*Lml_p+u2*Lm2_p and m = %

P ul  u2 WA* {m,p}(s,u) W {m,p}(0,u) d/ds W** {m,p}(0,u)

1700

3970 1 2
2 11347 147511 2 <1 +X ) 1
5 1700 3970  1-X 0 Log[5]
11347 147511  5+X 6
3690 8620
7 53471 695123 1 1
1700 3970
11 11347 147511 1 1
13 1700 _ 3970  _1 1
11347 147511 /13 V13
1700 3970
17 11347 147511 1+ X 2
3690 8620
1621 53471 695123 1 1
1700 3970
4861 11347 147511 1 1
17\ _ _ 2Log[5]
Thus k,u(13) = — ==

For u = %*Lml—l— — %*LmZ = ul*Lml_p+u2*Lm2_p and m =

p ul  u2 WA {m,p}(s,n) W {mp}(Ou) d/ds W {m,p}(0,u)
1870 4367 1 3
2 11347 147511 2 (1 +X ) 1
5 1870 4367  1-X 0 Log(5]
11347 147511 54X 6
369 862
7 4861 63193 1 1
1870 4367
11 11347 147511 1+ X 2
13 180 _ 4367 L L
11347 147511 /13 Vi3
369 862
1621 4861 63193 1 1
1870 4367
4861 11347 147511 1 1
22\ 2Log|5]
Thus ku(f) = — =F=
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For u = %*Lml—i— — %*LmZ = ul*Lml_p+u2*Lm2_p and m = £

13
p ul 2 WA {m,p}(s,u) W {m,p}(0,u) d/ds W** {m,p}(0,u)
2040 4764 1
2 11347 147511 2 (1+ X2) 1
5 2040 4764  144X-4X2-X3 0 7Log[5]
11347 147511 54X 6
4428 10344
7 53471 695123 1 1
2040 4764
1 11347 147511 1 1
13 2040 4764 1 1
11347 147511 /13 V13
4428 10344
1621 55477 Gosios 1 1
2040 4764
4861 11347 147511 1 1
Lo
Thus ku(2) = — TLogld] 3g[5]
Summing these gives: kappa_0(2) = — 6Log|[2] — 8Log|[5]
To Recap:
kappa_0(3) = — 8Log[2] — 4Log|[3] — SLOTg[E’]
kappa_0(2) = — 6Log[2] — 8Log[5]

Ideal Class Number: 2

Field Discriminant: 52
Normalizing Constant: C2 = 4
Final Result:

—1*(3*kappa_0(3)+ — 2*kappa_0(2))-1¥Log[C2]= Log[2] + 3Log[3] — 2Log|5]
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