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Number Bases

@ What is a number base?

@ In base-10,
345 =3-100+4-10+5=3-10%>+4-10* + 5- 10°.
o Consider the base-7 representation n = 3457. Then,

n=3-7"+4-7'+5.7% = 180.
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Number Bases cont.

Definition
Division Algorithm: Given m,n € Z and n > 0, there exists unique
q,r € Z such that m=q-n+r where 0 < r < n.

Example: To convert the base-10 number 438 to base-7, we use
the division algorithm to make groups of 7 and keep track of the

left-overs.

438 =62-7+4
62=8-7+6
8=1-7+1
1=0-7+1

Using the remainders from bottom to top, we can write 438 as
11645.
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Number Bases cont.

Compute 1257 + 6245.
Write the numbers as you would when adding in base-10, except
carry groups of 7.

o 1257
+ 6244

1
o 1257
+ 6245
27
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Number Bases cont.

o 125;
+ 6244
527

125,
+ 624,
1052,
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Modular Arithmetic

Definition
a mod b: Fora,b € Z where b > 0, we will let a mod b denote
the remainder of a when divided by b. Also, Zp = {0,1,....b — 1}.

@ For example, 45891 mod 10 is 1 since 45891 = 4589 - 10 + 1.
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Modular Arithmetic cont.

@ To model the last k digits of a number, simply work
( mod 10).
Example: 45891 mod 103 is 891 since 45891 = 45103 + 891.

@ Zp models the ones digit in addition of base-b integers.
Example: Compute 324567 mod 72.

324567, =3-7*+2.734+4.7°+5.7' +6

=(3-7?4+2.-71+4).7+5.7" +6
So, 324567 mod 72 =571 4+ 6 = 567.
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Alternate Carries: 2-digit

Daniel Isaksen’s model for 2-Digit Addition

Definition

Let Z3 = {[dh][do] : d; € Zp} be the set of 2-digit base-b
representations with dy representing the b digit and dy representing
the ones digit.

Definition
For [c1][co], [d1][db] € Z%, let

[c1][co] + [d1][do] = [c1 + d1 + zb(co + do)][co + do],

where

co + d
zp(co + do) = { 2 b OJ

s the carry that counts how many groups of size b are in co + dp.
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Alternate Carries: 2-digit cont.

Compute 267 + 337 using this model.

[2]{6]7 + [3][3]7 = [2 4+ 3 + z7(6 + 3)][6 + 3]

2(6+3) = VT’J 1

[2][6]7 + [3]13]7 = [2 + 3 + 1][2]7 = [6][2]
So, 267 + 337 = 625.
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Alternate Carries: 2-digit cont.

Definition
For [Cl][Co], [dl][do] S Z2b7 let
[c1][co] 4« [di][do] = [c1 + di + kzp(co + do)][co + do]-

Consider 267 + 337, this time with carries k = 5. Then,

[2][6]7 +5 [3][3]7 = [2+ 3 + 5 - 1][6 + 3]7 = [3][2]-
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Alternate Carries: 2-digit cont.

. 267
+1 337
627

267
+5 337
327
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Alternate Carries: 2-digit cont.

Theorem (Isaksen)

Z3 with + is a group, denoted as (Z2, k).

@ Example:

5
237

+5 045
00y

o Example: In particular, (Z2,0) & Zp, x Zp and (Z2,1) = Zy».
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Alternate Carries: 2-digit cont.

For k < b, if gcd(b, k) = 1, then (73, k) = (Z3,1).
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Alternate Carries: 2-digit cont.

The Isomorphism that maps (Z2, 1) — (Z2, k) is defined as

¢([ch][do]) — [kdch][do].

1 5
667 267
+1 237 +5 337
227 327

Then, 327 = [3][2] — [3-3][2] = [2][2] = 22.
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Alternate Carries: n-digit

Definition
Let Z} = {[dn][dn-1]---[d1][d0] : di € Zp}. Define +x on Zy by

[cnllcn—1]---[ar][co] +« [dn][dn-1].-.[1][do] = [en][en—1].-.[e1][e0]

where
fi = ¢i + di + kz(fi-1),

f.1 =0, and ¢, = f; mod b.
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Alternate Carries: n-digit cont.

Compute 31617 +5 11467 with carries of 5.

o 31617
+5 11467

5
o 31615
+5 11467
07
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Alternate Carries: n-digit cont.

105
31617

® 451146,
10,

5105
31617

® 451146,
25107
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Alternate Carries: n-digit cont.

For k < b, if gcd(b, k) = 1, then (Z}, k) = (Z},1) = Zp» when b
is the base and k is the carry.

The Isomorphism that maps (Z},1) — (Z}, k) is defined as

oeellelce]) - e + k| 5% kel
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Alternate Carries: n-digit cont.

For b=7 and k =5,
2347 € (73,1)
— B4 [ 245 f J][s 3] = [1)[2][4]

= 114, € (73, 5).
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Alternate Carries: oo-digit

Definition
Let Zzo = {...[d,,][d,,,l]...[dl][do] 1 d; € Zb}.

For k < b, if gcd(b, k) = 1, then (Z°, k) = (Z3°,1) = N[2] where
b is the base and k is the carry.

Let the Isomorphism ¢ map

([nlldn-11-[eh]ido]5) = o) 41 ()" b eh () 4o )
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Alternate Carries: oo-digit cont.

Example: Compute 467 + 327 with carries of 5.

467
+5 227

55
467

+5 227
541,
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Alternate Carries: oo-digit cont.

[4(5) + 6]+ [2(1) + 2]
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Alternate Carries: oo-digit cont.

(T+4)(0)+1
7 7

(5(5) + () + 1

5(2)(g) +4(2) +1

5 5
70 7
5(=)2+4(=)+1
(5)+(5)+

= b415.
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Some Notes on oo-digit Carries

o (Z, k) with only finite elements can no longer be called a
group.

@ (Z3°, k) with possibly infinite digits to the left is a group.
p-adic conversion?
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