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Modular Curve Shimura Curve Borcherds Forms Summary

Classical Set-Up

GL2(R) acts on h±, the union of the upper and
lower half-planes:(

a b
c d

)
· τ =

aτ + b

cτ + d
.

Consider the Riemann surface GL2(Z)\h±.

Compactify to obtain X ∗1 .

It has genus 0, so there is an isomorphism

j : X ∗1
∼→ P1

j(τ) = 1/q + 744 + 196884q + ... ∈ 1
qZ[[q]]

where q = e2πiτ . (Gauss, Dedekind, Klein, etc.)
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Complex Multiplication Points

Let E be the space of isomorphism classes of elliptic curves.
Then,

X ∗1
∼←→ E

Definition

If τ is associated with an elliptic curve with Complex
Multiplication, τ is called a CM-point.

A CM-point τ is the solution to an integral quadratic equation
with negative discriminant ∆.
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Singular Moduli

Definition

If τ∆ is a CM point, j(τ∆) is called a singular modulus.

Theorem

Singular moduli are algebraic integers.

Examples

j
(

1+
√
−3

2

)
= 0, j(

√
−5) = 23(25 + 13

√
5)3

j(
√
−6) = 123(1 +

√
2)2(5 + 2

√
2)3

j(
√
−14)=23

(
323+228

√
2+(231 + 161

√
2)
√

2
√

2−1
)3
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Gross-Zagier Theorem

Since a singular modulus is an algebraic integer, it has rational
norm in Z.

Theorem (B. Gross and D. Zagier, 1985)

|j(τ∆1)− j(τ∆2)| =
∏

n∈N(∆1,∆2)

nε(n)

where n, ε(n) ∈ Z, N(∆1,∆2) ⊂ Z can all be defined explicitly.

Recall j
(

1+
√
−3

2

)
= 0 and j

(√
−1
)

= 123.

The factorization is a lot of small primes to large powers.

Examples

|j(
√
−5)| = 21253113

|j(
√
−6)| = 21236173

|j(
√
−14)| = 224116173413
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Quaternion Algebras

Definition

A quaternion algebra B is given by Q(α, β) where α2 = a, β2 = b
and αβ = −βα.

Example

Hamiltonians where a = b = −1.

For our purposes, we only care about indefinite quaternion algebras.

Example

B6 where a = 5, b = 6.

There is an embedding B ↪→ M2(Q(
√

b)) via

α 7→
(

0 a
1 0

)
, β 7→

(√
b 0

0 −
√

b

)
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Maximal Orders

Definition

An order O is an integral ideal that is a ring. In addition,
O ⊗Q = B.

Definition

An maximal order is one that cannot be properly contained in a
larger order.

Example

M2(Z) ⊂ M2(Q) is a maximal order.

Example

Z[1, α, β, αβ]

⊂ Z
[
1, 4α−αβ

5 , 5−3α+2αβ
10 , 4α+5β−αβ

10

]

in B6.
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Shimura Curve

Modular Curve

GL2(R) action

X ∗1 = (GL2(Z)\h±)?

M2(Z) max order

j : X ∗1
∼→ P1

j = 1/q + 744 + ... at ∞ cusp

CM Points

j(τ∆) algebraic integer

Gross-Zagier Factorization of
the Norm

Shimura Curve

B×D ↪→ GL2(Q(
√

D)) action

X ∗D = NB×D
(O)\h±

O max order

tD : X ∗D

∼

→ P1

No cusps, so no q expansion

CM points

tD(τ∆) algebraic

No known Gross-Zagier formula

Goal: Compute |tD(τ∆)| for D > 1.
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Elkies’s Attempt

Consider the rational CM points on X ∗6 .

To specify a map t6 : X ∗6 → P1, need only give its
zeros and poles and a normalization.

In this case the image of NB×6
(O) ↪→ PGL2 is a

triangle group.

Elkies (1998) uses geometric involutions on the
covering curves X ∗6 (N).

Eric Errthum Singular Moduli of Shimura Curves



Modular Curve Shimura Curve Borcherds Forms Summary

Elkies’s Attempt

Consider the rational CM points on X ∗6 .

To specify a map t6 : X ∗6 → P1, need only give its
zeros and poles and a normalization.

In this case the image of NB×6
(O) ↪→ PGL2 is a

triangle group.

Elkies (1998) uses geometric involutions on the
covering curves X ∗6 (N).

Eric Errthum Singular Moduli of Shimura Curves



Modular Curve Shimura Curve Borcherds Forms Summary

Elkies’s Attempt

Consider the rational CM points on X ∗6 .

To specify a map t6 : X ∗6 → P1, need only give its
zeros and poles and a normalization.

In this case the image of NB×6
(O) ↪→ PGL2 is a

triangle group.

Elkies (1998) uses geometric involutions on the
covering curves X ∗6 (N).

Eric Errthum Singular Moduli of Shimura Curves



Modular Curve Shimura Curve Borcherds Forms Summary

Elkies’s Attempt

Consider the rational CM points on X ∗6 .

To specify a map t6 : X ∗6 → P1, need only give its
zeros and poles and a normalization.

In this case the image of NB×6
(O) ↪→ PGL2 is a

triangle group.

Elkies (1998) uses geometric involutions on the
covering curves X ∗6 (N).

Eric Errthum Singular Moduli of Shimura Curves



Modular Curve Shimura Curve Borcherds Forms Summary

Elkies’s Attempt

Consider the rational CM points on X ∗6 .

To specify a map t6 : X ∗6 → P1, need only give its
zeros and poles and a normalization.

In this case the image of NB×6
(O) ↪→ PGL2 is a

triangle group.

Elkies (1998) uses geometric involutions on the
covering curves X ∗6 (N).

Eric Errthum Singular Moduli of Shimura Curves



Modular Curve Shimura Curve Borcherds Forms Summary

Elkies’s Attempt

Consider the rational CM points on X ∗6 .

To specify a map t6 : X ∗6 → P1, need only give its
zeros and poles and a normalization.

In this case the image of NB×6
(O) ↪→ PGL2 is a

triangle group.

Elkies (1998) uses geometric involutions on the
covering curves X ∗6 (N).

Eric Errthum Singular Moduli of Shimura Curves



Modular Curve Shimura Curve Borcherds Forms Summary

Elkies’s Attempt

Consider the rational CM points on X ∗6 .

To specify a map t6 : X ∗6 → P1, need only give its
zeros and poles and a normalization.

In this case the image of NB×6
(O) ↪→ PGL2 is a

triangle group.

Elkies (1998) uses geometric involutions on the
covering curves X ∗6 (N).

Eric Errthum Singular Moduli of Shimura Curves



Modular Curve Shimura Curve Borcherds Forms Summary

Elkies’s Results

Elkies is successful at algebraically determining the
coordinates for 17 of the 27 rational CM points.

Unable to prove the remaining 10 CM points, but
makes numerical approximations and then
recognizes them as rational numbers.

Small primes to large powers.
Further recognize through standard
transformations

, i.e. |1− t6(τ∆)| should also be
small primes to large powers.

Example

t6(τ−163)
?
=

31174194234

21056116176
.

Coordinates of Rational CM Points on X∗6
∆ Numerator Denominator

−40 37 53

−52 2237 56

−19 37 210

−84 −2272 33

−88 3774 56113

−100 2437745 116

−120 74 3353

−132 24112 56

−148 223774114 56176

−168 −72114 56

−43 3774 21056

−51 −74 210

−228 2674192 3656

−232 3774114194 56236293

−67 3774114 21656

−75 114 210335

−312 74234 56116

−372 −2274194312 3356116

−408 −74114314 3656173

−123 −74194 21056

−147 −114234 21033567

−163 31174194234 21056116176

−708 2874114474592 56176296

−267 −74314434 21656116

Coordinates of Rational CM Points on X∗10
∆ Numerator Denominator

−40 33 1

−52 −2 · 33 52

−72 53 3 · 72

−120 −33 72

−88 3353 2 · 72

−27 −263 52

−35 26 7

−148 2 · 33113 5272132

−43 2633 5272

−180 −2 · 113 132

−232 33113173 225272232

−67 −263353 72132

−280 33113 2 · 7 · 232

−340 2 · 33233 72292

−115 2933 13223

−520 33293 237213 · 472

−163 −293353113 72132292312

−760 33173473 72312712

−235 2633173 7237247
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Vector-valued Modular Forms

Definition

Suppose ρ is a representation of Γ̃ on a finite dimensional complex
vector space V. Then F : h± → V is a vector-valued modular form
on Γ̃ of weight k and type ρ if it satsifies, for all γ ∈ Γ̃,

F (γτ) = j(γ, τ)kρ(γ)F (τ)

Theorem

Let L be a lattice with inner product and {eλ} a basis of C[L∨/L].
Suppose f is a scalar-valued weight k modular form on Γ̃0(N) with
character χL. Then

Ff (τ) =
∑

γ∈Γ̃0(N)\S̃L2(Z)

f |kγ(τ)ρL(γ−1)e0.

is a modular form of weight k and type ρL, the Weil representation.
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Borcherds Forms

Definition

Borcherds Form: Given a lattice L with an inner product and a
modular form F : h± → C[L∨/L], Borcherds (1998) constructed

Ψ(F ) : X ∗D → P1

In reality:

Ψ(F ) is a weight k modular form on X ∗D where k is
determined by properties of F . So we just make sure it has
weight 0.

Ψ(F ) is a regularized theta lift

Ψ(F ) is highly incomputable
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Properties of Borcherds Forms

Theorem

If F has Fourier expansion

F (τ) =
∑

λ∈L∨/L

∑
m∈Q

cλ(m)qmeλ

then

The weight of Ψ(F ) is c0(0).

The divisor of Ψ(F ) is given by

div(Ψ(F )) =
∑
λ

∑
m<0

cλ(m)Z (−m, λ)

where the Z (−m, λ) are rational quadratic divisors.
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Borcherds Forms at CM Points

Theorem (J. Schofer, 2005)∑
Galois Orbit

of a CM Point

log ||Ψ(F )|| =
|Z∆|
2d(B)

∑
λ∈L∨/L

∑
m<0

cλ(m)κλ(m) (1)

where κλ(m) are computable coefficients of the incoherent
Eisenstein series associated to the lattice.

Corollary (J. Schofer, 2005)

i. The right side is a bunch of small primes to large powers.
ii. The map j = Ψ(F1) for some F1 and (with some work)
Gross-Zagier follows from (1).

Theorem (Errthum, 2007)

The map t6 is a Borcherds form.

And so is t10.
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The map t6 as a Borcherds Form

Through the vectorization process, the scalar-valued Γ0(12)
modular form

−6
η2η

2
3η

4
4η

4
6

η10
12

− 2
η12

2 η3

η5
1η

4
4η6η2

12

− 2
η5

2

η2
1η

2
4

where ηm = η(mτ) gives rise to F6, a vector-valued modular
form

with
div(Ψ(F6)) = div(t6)

This implies there exists a nonzero constant k6 such that

Ψ(F6) = k6t6.
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Normalization

∑
Galois Orbit

of τ−24

log ||Ψ(F6, τ)|| =
|Z−24|
2d(B6)

∑
λ∈L∨/L

∑
m<0

cλ(m)κλ(m)

log ||Ψ(F6, τ−24)|| =
|Z−24|
2d(B6)

∑
λ∈L∨/L

∑
m<0

cλ(m)κλ(m)

log ||k−1
6 t6(τ−24)|| = 6 log(6)

By definition, t6(τ−24) = 1.

Theorem (Errthum, 2007)

t6 =

±

6−6Ψ(F6)

t10 =

±

2−2Ψ(F10)
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Computing |t6(τ∆)|

∑
Galois Orbit

of τ∆

log ||t6(τ)|| = −h(∆) log(66)+
|Z∆|

2d(B6)

∑
λ∈L∨/L

∑
m<0

cλ(m)κλ(m)

Use this to compute |t6(τ∆)| for any CM point.

Calculation of the κλ(m) is intensive:

Needs to be done p-adically.
Explicit formulas exist (if you know where to find them).
Ultimately programmed in Mathematica due to the sheer
number of calculations required.

No general Gross-Zagier type theorem, but at least
calculations can be done.
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Results

The maps t6 and t10 are Borcherds Forms.

Proved all the conjectural values in Elkies’s table of rational
CM points of X ∗6
Also proved all the conjectural values in Elkies’s table of
rational CM points of X ∗10.

Can compute examples far beyond the scope of Elkies’s work,
such as norms of irrational CM points of arbitrary discriminant
on X ∗6 and X ∗10.

Example

|t6(τ−996)| =
216712714832

176296416
.

Coordinates of Rational CM Points on X∗6
∆ Numerator Denominator

−40 37 53

−52 2237 56

−19 37 210

−84 −2272 33

−88 3774 56113

−100 2437745 116

−120 74 3353

−132 24112 56

−148 223774114 56176

−168 −72114 56

−43 3774 21056

−51 −74 210

−228 2674192 3656

−232 3774114194 56236293

−67 3774114 21656

−75 114 210335

−312 74234 56116

−372 −2274194312 3356116

−408 −74114314 3656173

−123 −74194 21056

−147 −114234 21033567

−163 31174194234 21056116176

−708 2874114474592 56176296

−267 −74314434 21656116

Coordinates of Rational CM Points on X∗10
∆ Numerator Denominator

−40 33 1

−52 −2 · 33 52

−72 53 3 · 72

−120 −33 72

−88 3353 2 · 72

−27 −263 52

−35 26 7

−148 2 · 33113 5272132

−43 2633 5272

−180 −2 · 113 132

−232 33113173 225272232

−67 −263353 72132

−280 33113 2 · 7 · 232

−340 2 · 33233 72292

−115 2933 13223

−520 33293 237213 · 472

−163 −293353113 72132292312

−760 33173473 72312712

−235 2633173 7237247
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Results
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