p-Egyptian Fractions

Tony Martino

Winona State University

April 6th, 2011

Tony Martino p-Egyptian Fractions



Classical Egyptian Fractions
®0

Definition and Examples

Definition (Egyptian Fraction)

An Egyptian Fraction is a sum of distinct positive unit fractions
that is less than one.

Ex:
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Definition and Examples

Definition (Egyptian Fraction)

An Egyptian Fraction is a sum of distinct positive unit fractions
that is less than one.
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Classical Egyptian Fractions
®0

Definition and Examples

Definition (Egyptian Fraction)
An Egyptian Fraction is a sum of distinct positive unit fractions
that is less than one.

Ex
5 _1,1
e 5=313
5 _ 1
® 1 = 25
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Classical Egyptian Fractions
®0

Definition and Examples

Definition (Egyptian Fraction)
An Egyptian Fraction is a sum of distinct positive unit fractions
that is less than one.

Ex
5 _1,1
°®s=31t3
5 _ 1, 1
® 571 = 25 T 757
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Classical Egyptian Fractions
®0

Definition and Examples

Definition (Egyptian Fraction)

An Egyptian Fraction is a sum of distinct positive unit fractions
that is less than one.

Ex
5 _1,1
°®s=31t3
5 _ 1, 1 1
® 151 = 25 T 757 1 763300
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Classical Egyptian Fractions
®0

Definition and Examples

Definition (Egyptian Fraction)

An Egyptian Fraction is a sum of distinct positive unit fractions
that is less than one.

Ex
5 _1,1
°®s=31t3
5 _ 1, 1 1 1
® 151 = 35 T 757 T 763300 T 873960180012

Tony Martino p-Egyptian Fractions



Classical Egyptian Fractions
®0

Definition and Examples

Definition (Egyptian Fraction)

An Egyptian Fraction is a sum of distinct positive unit fractions
that is less than one.

Ex
5 _1,1
°®s=31t3
5 _ 1, 1 1 1 1
® 151 = 35 T 757 T 763300 T 573060180012 | 1527612795642003418846225
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Classical Egyptian Fractions
®0

Definition and Examples

Definition (Egyptian Fraction)

An Egyptian Fraction is a sum of distinct positive unit fractions
that is less than one.

Ex:
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= 25 T 757 T 763300 T 873960180012 | 1527612795642003418846225
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-
N
=
N
a1

Tony Martino p-Egyptian Fractions



Classical Egyptian Fractions
®0

Definition and Examples

Definition (Egyptian Fraction)

An Egyptian Fraction is a sum of distinct positive unit fractions
that is less than one.

Ex:

5 _1,1

e 5=313
5 1, 1 1 1 1

® 151 = 35 T 757 T 763300 T 573060180012 | 1527612795642003418846225
5 1,1 1 1 1 1

® 51 =25t 75 T 300 T 1023 + 1080 T 1860
5 1 1 1

° 1=ttt e
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Classical Egyptian Fractions
oce

Basic Facts

Fact (Not Unique)

There is more than one way to expand a rational number into an
Egyptian fraction.
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Classical Egyptian Fractions
oce

Basic Facts

Fact (Not Unique)

There is more than one way to expand a rational number into an
Egyptian fraction.

Fact (Existence)

For all positive rational numbers less than one there exists an
Egyptian fraction expansion.
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Classical Egyptian Fractions
©000

Finding an Egyptian fraction

Greedy Method
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Classical Egyptian Fractions
©000

Finding an Egyptian fraction

Greedy Method

Find the largest unit fraction less than 4/13.
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Classical Egyptian Fractions
©000

Finding an Egyptian fraction

Greedy Method

Find the largest unit fraction less than 4/13.

4

13

r

1_
g 13q
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Classical Egyptian Fractions
©000

Finding an Egyptian fraction

Greedy Method

Find the largest unit fraction less than 4/13.

4 1 r
13 q 13q
4q—-13  r
13g  13q
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Classical Egyptian Fractions
©000

Finding an Egyptian fraction

Greedy Method

Find the largest unit fraction less than 4/13.

4 1 r
13 q 13q
4q—-13  r
13g 13q
4qg - 13=r
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Classical Egyptian Fractions
©000

Finding an Egyptian fraction

Greedy Method

Find the largest unit fraction less than 4/13.
& L_ 7
13 g 13¢q
4q—-13  r
13g  13¢q
4qg—13=r
13=4q—r
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Classical Egyptian Fractions
000

Finding an Egyptian fraction

Greedy Method

The division algorithm gives the largest ¢’ such that r’ remains
positive.

13=44 + 7/ qd =3 rr=1

r smaller than 4
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Classical Egyptian Fractions
000

Finding an Egyptian fraction

Greedy Method

The division algorithm gives the largest ¢’ such that r’ remains
positive.

13 =49 —r qg==4 r=3

r smaller than 4

Tony Martino p-Egyptian Fractions



Classical Egyptian Fractions
000

Finding an Egyptian fraction

Greedy Method

The division algorithm gives the largest ¢’ such that r’ remains
positive.

13 =49 —r qg==4 r=3

r smaller than 4 Then g = 4 is as small as it can be and produces
the largest possible unit fraction 1/4 that is less than 4/13.
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Classical Egyptian Fractions
[eYe] Yol

Finding an Egyptian fraction

Greedy Method

4—1+3<—Ntll it fractions!
3-175 ot all unit fractions!
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Classical Egyptian Fractions
[eYe] Yol

Finding an Egyptian fraction

Greedy Method

4 1 3 . .
e =7 + 3 <— Not all unit fractions!
52 =3(18) -1
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Classical Egyptian Fractions
[eYe] Yol

Finding an Egyptian fraction

Greedy Method

4 1 3 . .

e =7 + 3 <— Not all unit fractions!

3 1 1 52 =3(18) -1
T Donel

50 18 468 < ~o"°
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Classical Egyptian Fractions
[eYe] Yol

Finding an Egyptian fraction

Greedy Method

4 1 3 . .

e =7 + 3 <— Not all unit fractions!

3 1 1 52 =3(18) -1
T Donel

50 18 468 < ~o"°
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Classical Egyptian Fractions
oooe

Finding an Egyptian fraction

Greedy Method

Choose a fraction 7 <1

1 . "
g bq

oo
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Classical Egyptian Fractions
oooe

Finding an Egyptian fraction

Greedy Method

Choose a fraction 7 <1

i r b:aql_rl

g bq

oo
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Classical Egyptian Fractions
oooe

Finding an Egyptian fraction

Greedy Method

Choose a fraction 7 <1

a 1 n b=aq —n

b @ bq

Repeat on o
bag:

n 1 rn

bai g  bqiqe
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Classical Egyptian Fractions
oooe

Finding an Egyptian fraction

Greedy Method

Choose a fraction 7 <1

a 1 _n P
b g bag bgi =rng —n
Repeat on o
bg:
n 1 rn

bai g  bqiqe
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Classical Egyptian Fractions
oooe

Finding an Egyptian fraction

Greedy Method

Choose a fraction 7 <1

a 1 n b=aq —n
b g bag bgi =rng —n
Repeat on — bgig2 = g3 —n3
ba
n 1 rn

bg1 g  bgigo
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Classical Egyptian Fractions
oooe

Finding an Egyptian fraction

Greedy Method

Choose a fraction 7 <1

a 1_n b= om—n
b g bag bgi =rng —n
Repeat on —- bg1g2 = rq3 —r3
ba
n 1 _ r
bg1 Q2 N bgi1q> bgqigz---qn—1 = rn—19, — 0
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Classical Egyptian Fractions
oooe

Finding an Egyptian fraction

Greedy Method

Choose a fraction 7 <1

a 1_n b= om—n
b q bag bgr =rng —nr
Repeat on o bgi1g2 = rqs — r3
bag:
n_1__n
bg1 Q2 N bgi1q> bgqigz---qn—1 = rn—19, — 0
1 1 1 a
4=
qi1 qz n b
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p-Adic Size

A number is small if it is very divisible by p.
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p-Adic Size

A number is small if it is very divisible by p.

Definition (p-Adic Size)

Let n be the power of p in the factorization of 7 and take |7, to

—n

be p
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p-Adic Size

A number is small if it is very divisible by p.

Definition (p-Adic Size)

Let n be the power of p in the factorization of 7 and take |7, to

—n

be p

1
12947 = |7?-3 -2z = |7?|7; = 25 SMALL
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p-Adic Size

A number is small if it is very divisible by p.

Definition (p-Adic Size)

Let n be the power of p in the factorization of 7 and take |7, to

—n

be p

1
12947 = |7?-3 -2z = |7?|7; = 25 SMALL

2-3-5

1
= = |=]3 =9 LARGE
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p-Adic Size

A number is small if it is very divisible by p.

Definition (p-Adic Size)

Let n be the power of p in the factorization of 7 and take |7, to

—n

be p

1
12947 = |7?-3 -2z = |7?|7; = 25 SMALL

2-3-5

1
= = |=]3 =9 LARGE

a a
|B\p a and b contain the same power of p, |E\p =1
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p-Egyptian Fractions
©00000

p-Adic Division Algorithm

Definition (Errthum, Lager, 2009)

Let p be an odd prime. Then given any b and a € Q, where

a # 0, there exists uniquely ¢’ = pﬂk with |¢'|<p, and r' € Q, with
|r'|p < |a|p such that b= aq’ + r'.
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p-Egyptian Fractions
©00000

p-Adic Division Algorithm

Definition (Errthum, Lager, 2009)

Let p be an odd prime. Then given any b and a € Q, where

a # 0, there exists uniquely ¢’ = pﬂk with |¢'|<p, and r' € Q, with
|r'|p < |a|p such that b= aq’ + r'.

% divided by —% is 4 with a remainder of % in the 7-adics.
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p-Adic Division Algorithm

Definition (Errthum, Lager, 2009)

Let p be an odd prime. Then given any b and a € Q, where
a # 0, there exists uniquely ¢’ = pﬂk with |¢'|<p, and r' € Q, with
|r'|p < |a|p such that b= aq’ + r'.

% divided by —% is 4 with a remainder of % in the 7-adics.
20 divided by 5 is 4 with a remainder of 0 in the 7-adics.

2
5:<—>4+7 20=5-4+40
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p-Egyptian Fractions
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p-Adic Division Algorithm

Definition (Errthum, Lager, 2009)

Let p be an odd prime. Then given any b and a € Q, where
a # 0, there exists uniquely ¢’ = pﬂk with |¢'|<p, and r' € Q, with
|r'|p < |a|p such that b= aq’ + r'.

% divided by —% is 4 with a remainder of % in the 7-adics.
20 divided by 5 is 4 with a remainder of 0 in the 7-adics.
20 divided by 5 is 1 with a remainder of 15 in the 3-adics.

2
5:<_>4+7 20=5-4+0 20=5-1+15
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p-Egyptian Fractions
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p-Adic Greedy Algorithm

Classical p-Adic

Choose |7] < 1. Choose 7], < 1.
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p-Egyptian Fractions
0®0000

p-Adic Greedy Algorithm

Classical p-Adic
Choose |7] < 1. Choose 7], < 1.
Division algorithm Division algorithm
b,acZ — q',r € Z with b,ae(@—>q’:p—”z,r’€@with
0<r <laland b=aq +r 0< ||, <lalp and b= aq' +r'
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p-Egyptian Fractions
0®0000

p-Adic Greedy Algorithm

Classical p-Adic
Choose |7] < 1. Choose 3], < 1.
Division algorithm Division algorithm
b,acZ — q',r € Z with b,ae(@—>q’:p—”z,r’€@with
0<r <laland b=aq +r 0< ||, <lalp and b= aq' +r'

Take g = ¢’ +1sothat b=aq —r.
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p-Egyptian Fractions
0®0000

p-Adic Greedy Algorithm

Classical p-Adic
Choose |7] < 1. Choose 3], < 1.
Division algorithm Division algorithm
b,acZ — q',r € Z with b,ae(@—>q’:p—”z,r’€@with
0<r <laland b=aq +r 0< ||, <lalp and b= aq' +r'

Take g =q¢' +1sothat b=aq—r. Takeqg=q + 7?7 sothat b=aq—r.
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p-Egyptian Fractions
00000

What is ?

In the classical case,
g=q +1
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p-Egyptian Fractions
00000

What is ?

In the classical case,
g=q +1

In the p-adic case,
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p-Egyptian Fractions

[e]e] lele]e]

What is ?
In the classical case,
g=q +1
In the p-adic case,
b
q=¢+{a qu
p

Choose p =1 and pretend it's the classical case,
Just equal to 1
——t
b_ b
q=d+{albﬂl
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p-Egyptian Fractions
[eleTeY Yolo)

p-Adic Greedy Algorithm

p-Adic
Classical
Choose 7], < 1.
Choose 5] < 1.
Division algorithm
Division algorithm bacQ— ¢ = p—"}, r' € Q with
b,acZ —s q',r' € Z with 0< ||, <lalp,and b=aq' +
0<r <|aland b=aq +r
Take g=¢' +7? so that

Take g =q +1sothat b=aqg—r.
b=aq—r.
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p-Egyptian Fractions
[eleTeY Yolo)

p-Adic Greedy Algorithm

p-Adic
Classical

Choose 7], < 1.
Choose 5] < 1.
Division algorithm

Division algorithm bacQ — ¢ = p—"}, r' € Q with

b,acZ —s q',r' € Z with

0<|r|, <lalpand b=aq +r
0<r <|aland b= aq' +r'
b /
_ A 24
Take g = ¢ + 1 so that b=aq —r. Take g =g¢ J{ ) Wpsothat
b=aq—r.
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p-Egyptian Fractions

O000e0

Different kind of Egyptian...

p-Adic Egyptian Fraction

Instead of fractions of the form,

with distinct terms, allow for increasing whole powers of a prime p
to appear in the numerator,
pt  p?  p= p°"

& ha

with 0 < €n < Epti-
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p-Egyptian Fractions
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Numerical Example

Find the p-Egyptian fraction expansion of % in Qs.
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p-Egyptian Fractions
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Numerical Example

Find the p-Egyptian fraction expansion of % in Qs.
b__ s
b=aq +r q:q’—i-[i"’pq}p b=aq—r
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p-Egyptian Fractions
ooo00e

Numerical Example

Find the p-Egyptian fraction expansion of % in Qs.
b /

b=aq +r q:q’—i-[i;;q}p b=aq—r

9=2.245
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p-Egyptian Fractions
ooo00e

Numerical Example

Find the p-Egyptian fraction expansion of % in Qs.

b__ s

b=aq +r q:q’—i-[i"’pq}p b=aq—r
22

9=2.2+5 g =2+ %15
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p-Egyptian Fractions
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Numerical Example

Find the p-Egyptian fraction expansion of % in Qs.

b /

b=aq +r q:q’—i-[i;;q}p b=aq—r
22
9=2-2+5 q=2+[%2]5
=24 [315=7
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Numerical Example

Find the p-Egyptian fraction expansion of % in Qs.
b__ s
b=aq +r q:q’—i-[i"’pq}p b=aq—r
22
9=2-2+45 g =2+[%15

=2+4[3]5=7 9=2.7-5
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Numerical Example

Find the p-Egyptian fraction expansion of % in Qs.

b__ s
b=aq +r q:q’—i-[i"’pq}p b=aq—r
22
9=2.2+5 G =2+[%"]5
=2+4[3]5=7 9=2.7-5

9-7=5(%)+50
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Numerical Example

Find the p-Egyptian fraction expansion of % in Qs.
b__ s
b=aq +r q:q’—i-[i"’pq}p b=aq—r
22
9=2-2+45 g =2+[%15

=2+4[3]5=7 9=2.7-5

9-7=5(8)+50 qg=24+[2215
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p-Egyptian Fractions
ooo00e

Numerical Example

Find the p-Egyptian fraction expansion of % in Qs.

b__ s
b=aq +r q:q’—i-[i"’pq}p b=aq—r
22
9=2.2+5 g =2+ %15

=2+4[3]5=7 9=2.7-5
63 13
9-7=5(8)+50 =L+

5 5 15
Bi25=2
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Numerical Example

Find the p-Egyptian fraction expansion of % in Qs.

b__ s
b=aq +r q:q’—i-[i"’pq}p b=aq—r
22
9=2.2+5 g =2+ %15

=2+4[3]5=7 9=2.7-5
63 13
9-7=5(8)+50 =L+

5 5 ]5
Rs-% 6-5(%) -0
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Numerical Example

Find the p-Egyptian fraction expansion of % in Qs.

b__ s
b=aq +r q:q’—i-[i"’pq}p b=aq—r
22
9=2.2+5 G =2+[%"]5
=2+4[3]5=7 9=2.7-5

63_13

9-7=5(2)+50 qg=L+[>:=]5
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p-Egyptian — Egyptian

Alternate Egyptian fraction expansion
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p-Egyptian — Egyptian

Alternate Egyptian fraction expansion

a_pt p” P
b d T T,
a 1 1
b-psr dp-pTet dy . ptre2 dn

Tony Martino p-Egyptian Fractions



p-Egyptian — Egyptian

Alternate Egyptian fraction expansion

a . pgl p52 pEn
b d T T,
a 1 + 1 N
b - pen - dy - per—er do - pen—e2 d,

How do we make ﬁ’sn the input?
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